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ABSTRACT 

The population dens i t i e s  of t he  d i s c r e t e  l eve l s  of t h e  l i th ium-l ike  

ions C IV, N V ,  and 0 VI i n  op t i ca l l y  t h in  plasmas cooled by adiabat ic  

expansion have been calcula ted with t he  Coll isional-Radiative (CR) plas-  

ma model, su i t ab ly  modified t o  account f o r  t he  samll)energy separat ion 
_I 

of t h e  ground and t he  f i r s t  excited s t a t e s  of these  ions.  The following 

elementary processes have been included i n  the  CRmodel: e lect ron impact 

ionizat ion,  exc i ta t ion ,  and de-excitat ion,  three-body and r ad i a t i ve  rec- 

ombination, and spontaneous t rans i t ions .  The da ta  and calcula t ions  a- 

va i l ab l e  on these  processes have been analysed and extended by various 

methods. The r e su l t i ng  r a t e  coe f f i c i en t s  a r e  compared with t he  corres-  

ponding hydrogenic values,  and a discussion of t h e i r  accuracy i s  given. 

Population inversions have been found t o  occur i n  many of t h e  t r ans i -  

t i o n s  of these  ions.  We have concentrated our a t t en t i on  t o  such t r ans i -  

t i ons  of the  ion C IV between leve l s  with n 6 6 which give r i s e  t o  emis- 

s ion l i n e s  i n  t he  v i s i b l e  region of t h e  spectrum, The gain H' cf t h e  in- 

versely  populated t r a n s i t i o n s  is  presented i n  t he  form of n,-& diagrams. 

The C IV hh4646,4658 l i n e s  a r i s i ng  from t h e  6f + 5d and 6g 4 5f t r ans i -  

t i ons  respect ively ,  a r e  found t o  be s t rongly inverted and should be ex- 

c e l l e n t  candidates f o r  producing l a se r  ac t ion  i n  laboratory plasmas 

cooled by ad iaba t ic  expansion techniques. I n  addi t ion,  the  behavior of 

t h e  l i n e  C IV 14650 observed i n  the  WC category of t he  Wolf- Wyet s t a r s  

is  found t o  be i n  agreement with t h a t  expected from the  model calcula-  

t ions .  The present inves t iga t ion  thus provides an understanding of t he  

unusual s t reng th  of the  C IV X4650 emission i n  Wolf-Rayet s t a r s ,  and 

provides a s t rong bas i s  f o r  believing t h a t  l a s e r  ac t ion  i s  responsible 

f o r  it. 
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Under ordinary t e r r e s t r i a l  conditions, plasnas a r e  qu i te  ra re  and 

unusual. However, most of the  matter i n  the  observable universe e x i s t s  

i n  an ionized s t a t e .  The invest igat ion of plasmas is thus a necessi ty  

i f  w a r e  t o  achieve a f u l l e r  understanding of nature espec ia l ly  s ince 

they a r e  the  s e a t  of many varied and unexpected phenomena. In recent 

years, t he  invest igat ion of both laboratory and astrophysical  plasmas 

has  in tens i f ied  and gainsd in importarice. Previously uncharted regions 

a r e  being explored and new t e r r i t o r i e s  opened to  our investigations.  

Non-equilibriun processes play an important ro l e  i n  plasmas lmder 

ce r t a in  physical conditions. The purpose of t h i s  work is t o  s tudy  the 

adiabat ic  expansion of C IV, N V, and 0 VI plasnas and t o  iden t i fy  the  

conditions under bhich p p l a t i o n  inversions a r e  l i k e l y  t o  r e s u l t  i n  the 

l e v e l s  of  these ions. This work is of i n t e r e s t  i n  t h a t  it provides an 

indicat ion of the  l i n e s  which a r e  l i k e l y  candidates fo r  undergoing l a se r  

act ion by t h i s  process i n  laboratory plasmas. In addit ion,  t h i s  mechan- 

i s m  may provide an explanation of the  i n t ens i ty  anomalies of C I V  l i n e s  

i n  Wolf-Rayet s t a r s .  

In  Chapter I ,  the  calculat ion of the  population dens i t i e s  of the  

energy l e v e l s  of a hydrogen-like monatomic plasma is considered. Under 

equi l ibr iun conditions, the  Local Thermodynamic Equ i l i b r im  (LTE) model 

is used and the population dens i t i e s  a r e  calculated fron the Roltanann 



and the Saha equations. For non-equilibriun conditions, the  Collision- 

al-Radiative (CR) model is used t o  ca lcu la te  the  leve l  population densi- 

t i e s ,  and the w r k  of House (1964) t o  obtain  the ion dens i t ies .  ' R I ~  

model used t o  simulate the  adiabat ic  expansion of the  plasma and the 

mechanism giving rise t o  l a se r  act ion a r e  then considered. 

In Chapter 11, the  calculat ion of the  r a t e  coef f ic ien ts  needed i n  the  

CR model a r e  presented fo r  hydrogenic ions. These coef f ic ien ts  a r e  well 

known and t h e i r  calculat ion is re l a t i ve ly  simple. The following coeffi-  

c i e n t s  a r e  included: e lec t ron  impact ionization,  exc i ta t ion ,  and de-ex- 

c i t a t i o n  r a t e  coef f ic ien ts ,  three-body and rad ia t ive  recombination r a t e  

coef f ic ien ts ,  and spontaneous t r ans i t i on  probabi l i t i es .  

Chapter I11 is devoted t o  the lithium-like ions C IV, N V, and 0 V I .  

These a r e  compared t o  the  hydrogenic ions and the differences  between 

them a re  noted. Such differences  a r i s e  i n  the  s t ruc ture ,  the  energy 

eigenvalues, and the e f f ec t ive  quantum nmbers  of these ions, and 

require t h a t  the  CR model be modified. In par t icu la r ,  the  r e l a t i ve ly  

small energy separation of the  ground and the f i r s t  excited s t a t e s  

requires  t h a t  these tw leve l s  be considered a s  tw ground s t a t e s  i n  the  

CR model. Tne data  avai lable  on these ions  is then summarized. The 

da ta  a r e  scarce and cons is t  mostly of theore t ica l  calculat ions;  very 

l i t t l e  experimental data have been published. 

Chapters I V  t o  VIII deal with the  ca lcu la t ion  of the  r a t e  coeffi-  

c i e n t s  of the  l i t h i m - l i k e  ions C IV, N V, and 0 VI. The following 

coef f ic ien ts  a r e  included: e lec t ron  impact ionizat ion (Chapter V ) ,  

exc i ta t ion  (Chapter KC), and de-excitation (Chapter VII)  r a t e  coeffi-  



' c i en t s ,  the  three-body (Chapter VI I )  and rad ia t ive  (Chapter VTII) 

recombination r a t e  coef f ic ien ts ,  and the o s c i l l a t o r  s t rengths  (Chapter 

nr), These Chapters include an analysis  of the  avai lable  data and cal- 

culat ions ,  a descr ipt ion of  the  methods used t o  extend idle data ,  a cm- 

parison w i t h  the  corresponding hydrogenic values,  and a discussion of 

the accuracy of the  resul t ing r a t e  coeff ic ients .  

In Chapter I X ,  r e su l t s  f o r  such l i n e s  which arise Erm t rans i t i ons  

between l e v e l s  of  t he  ion C I V  with n 4 6,  which lie in  the v i  s i b le 

region of  the  spectrun, and for  i&ich l a s e r  act ion is p s s i b l e ,  are pre-- 

sented i n  the form of b-T, diagrams. These show the  ga in  6' of the  

l a s ing  process a s  a function of t he  f r ee  e lec t ron  density n, and the 

free electron temperature Te of the  plasma. These l i nes  a r e  cmparc4 

with the l i n e s  of C I V  observed i n  Wolf-Rayet s t a r s  which displ ay anolna- 

lous i n t ens i t i e s .  In par t icu la r ,  t he  evidence avail .&le on Lhu Wlf-  

Rayet spec t ra l  l i n e  C IV A4650 is summarized and the behavior of the  

l i n e  is compared with the  expectations of t he  model calculations. 

In conclusion, we f ind t h a t  the  present investi.gaLion provides an 

Lnderstanding of the unusual s t rength of t he  C I V  A4550 mis:;ion in 

Wolf-Rayet s t a r s  and provides a strong bas i s  f o r  believing that laser 

ac t ion  is responsible fo r  it. In  addit ion,  we Eind tha t  t h e  C IV 

h4646, 4658 l i n e s  w i l l  be excel lent  candidates for producing l a se r  

ac t ion  i n  laboratory plasmas by ad iaba t ic  expansion tedmicjues. 



NOTATION 

A few words on the notation used in  t h i s  m r k  a r e  necessary. me 

symbols n' and n a r e  used to  denote quantun nunbers whereas p and q a r e  

used a s  s t a t e  labels .  W e  use the convention n' < n; no such condition is 

imposed on p and q. Subscripted n ' s  on the other  hand denote population 

dens i t ies .  When it is important t o  dis t inguish between the i n i t i a l  and 

f i n a l  s t a t e s  of a t r ans i t i on ,  an arrow is used such a s  i n  fp+4 ; how- 

ever,  i f  the  order is not  important, no arrow is used: Epq . Signifi-  

cant  d i g i t s  a r e  denoted by a cap i t a l  S a s  used by Cody and 

Thatcher (1968). denotes natural  o r  napierian logarithms while log 

denotes base ten logarithms. 

It should a lso be noted t h a t  the  expression "average s t a t e "  is used 

t o  denote a s t a t e  i n  which the  o r b i t a l  angular momentun s p l i t t i n g  of the  

lwel i sneg lec t ed .  Similarly, t he  expression"average r a t e c o e f f i -  

c ient"  denotes a coef f ic ien t  which involves an average s t a t e .  

Atomic u n i t s  a r e  of ten  used i n  t h i s  m r k  due t o  the  convenience of 

such un i t s  t o  describe processes occurring a t  the  leve l  of the  atom. 

They can be e a s i l y  converted t o  SI u n i t s  with t he  following conversion 

factors :  

hZ Length: Bohr radius,  a, =-- - 5.29177 x la-' m. 
n\ez 

Area: rrd = 8.79735 x 10-'I ma. 

Ehergy: 1 e V  = 1.60219 x 10-Iq J; 

1 Rydberg = hcx, = 13.6058 eV; 

- vii - 



= 2.177991 x 10-la J; 

1 an" = 1.23985 x 10-~ev; 

= 1,98648 x J, 

Temperature: 1 eV = 11605 K. 

Values of the fundmental constants a re  taken from Taylor e t  a l .  (1969). 

- v i i i  - 



GLOSSARY OF IMPORTANT PHYSICAL SYMBOLS 

ap ( v )  : cross-section for  the  photoionization of s t a t e  p 

Aq+p: Einstein spontaneous t r ans i t i on  probabi l i ty  coef f ic ien t  

of the  q->p t r ans i t i on  

CPq(T):  e lec t ron  i m p c t  exc i ta t ion  r a t e  coef f ic ien t  of the  

p > q  t r ans i t i on  

E: f r e e  e lectron k ine t ic  energy 

El=, : energy separation of l eve l s  p and q 

f (v) : f r e e  e lec t ron  ve loc i ty  d i s t r i bu t ion  

$ : cooling factor  of the  plasna 

fE : expansion factor  of the  plasna 

osci l l .a tor  strength of  t he  p->q t r a n s i t i o n  h,. 
F (T): electron impact de-excitation r a t e  coef f ic ien t  of 
9' P 

the  q->p t r ans i t i on  

g : Krarners-Gamt factor  

I,: ionizat ion potent ia l  of hydrogen 

Ip: ionizat ion potent ia l  of l eve l  p 

k Z :  ejected electron k ine t ic  energy 

n: quantun number 

n': quantum number 

n*: e f f ec t ive  quantm number 

n : ground s t a t e  quantm nunber 

n, : population densi ty  of species  A 

n,: f r e e  e lec t ron  population densi ty  



n,: ionic population densi ty  

no : population densi ty  of s t a t e  p 

n;: Saha equi l ibr iun value of the  population densi ty  of s t a t e  p 

nst : steady s t a t e  value of t he  p p u l a t i o n  dens i ty  of s t a t e  p 

p: s t a t e  labe l  

q: s t a t e  labe l  

rt0) ( '1 ,  and rb2): population coef f ic ien ts  of l eve l  p 
P ' r~ 

R :  rad ia l  matrix element of the  n 1 l ' - > n l  t r ans i t i on  

SCR: col l is ional-radiat ive ionization r a t e  coef f ic ien t  

Sp(T): e lectron impct ionizat ion r a t e  coef f ic ien t  of l eve l  p 

Spsq: l i n e  strength of the  p > q  t r ans i t i on  

T,: temperature of species  A 

U: normalized k ine t ic  energy 

uO: p a r t i t i o n  function of species  A 

Ur : ionic pa r t i t i on  function 

yp: population densi ty  per un i t  s t a t i s t i c a l  weight of l eve l  p 

2, : core charge of species  A 

Z,,, : nuclear charge of species  A 

Zr(T) = nF/n,nl 

O(: f rac t iona l  gain per un i t  d is tance 

o(' = W A V  

#,%: col l is ional-radiat ive recombination r a t e  coef f ic ien t  

Np(T) : three-body recombination r a t e  coef f ic ien t  of l eve l  p 

p ,,(I") : rad ia t ive  recombination r a t e  coef f ic ien t  of level  p 

1: r a t i o  of the  spec i f ic  hea ts  a t  constant pressure and a t  

constant vollnne 

hu: linewidth 



6 : energy divided by Z' 

9: energy divided by kT 

A: l i n e  wavelength i n  Angstroms 

: quantun defect  of s t a t e  n 

V : l i n e  frequency 

E,, : number of equivalent e lec t rons  i n  s t a t e  p 

p,: normalized ppi l la t ion  densi ty  of l eve l  p 

e p ( E )  : cross-section for  the  ionization of s t a t e  p by e lec t ron  impact 

OpTq(E): cross-section for  the  exc i ta t ion  of t he  p > y  t r ans i t i on  

by e lec t ron  impact 

t r ans i t i on  in tegra l  of the  ntA'->nl t r ans i t i on  mn?p,* ,t. 

Zp: re laxat ion time of leye l  p 

wp: s t a t i s t i c a l  weight of level. p 
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STATEMENT CF ORIGINALITY 

To the best of the author's knowledge, the following investigations 

constitute original work performed at the Department of Physics of the 

University of Ottawz. 

The CR model 

The.CR model is modified for lithium-like ions to account for the 

small energy separation of the ground and the first excited states of 

these ions. The relatively large population densities of these two sta- 

tes (f, and pa respectively) as compared to the population densities of 

the other excited states ( ) are accounted for in the model by letting 

f, be a function of and- p, and by introducing a new population coef- el 
ficient rf). The derivation of the systems of equations satisfied by 

the population coefficients r?' , ri') , and r") and the explicit form P 

of the solutions n,(t), n,Ct), and of the collisional-radiative rate 

coefficients dy, :, S ,  s:, M;:, C R  
and M,z are also developed in this 

work. 

Adiabatic cooling of the plasma -- 
The model whici. simulates the adiabatic cooling of the plasma is also 

modified for lithium-like ions. The steady state solution of the rate 

equations of the CRmodel is included as an intermediate step in the 

cooling process. This permits the determination of the population den- 



s i t i e s  of t h e  ground and t h e  first exci ted  s t a t e s .  In add i t ion ,  t h e  as-  

sumptions and t h e  l i m i t a t i o n s  of t h e  model a r e  considered i n  g r e a t e r  de- 

t a i l .  Detailed c a l c u l a t i o n s  a r e  ca r r i ed  out  on t h e  l i th ium- l ike  ions 

C IV, N V ,  and 0 VI, using t h i s  model. 

Analysis -- of  t h e  inverse ly  populated t r a n s i t i o n s  

A new quan t i ty  o ( ' = o c  A O i s  introduced t o  allow f o r  t h e  s tudy of  t h e  

f r a c t i o n a l  ga in  pe r  u n i t  length  (cc) of t h e  amplifying medium without 

knowledge of  t h e  l inewidth (40). n,-T, diagrams a r e  obtained f o r  t h e  

6Lf+51  t r a n s i t i o n s  of C IV which d i sp lay  population invers ions  under 

a d i a b a t i c  expans ion condit ions . 

Ionizat ion equil ibrium 

Thecondi t ions  under which t h e  model of  House (1964) can be used t o  

c a l c u l a t e  t h e  ion iza t ion  equil ibrium of a plasma a r e  s tud ied  extensive- 

ly ,  The v a l i d i t y  condit ion spec i f i ed  by House i s  found t o  be only one 

of severa l  condit ions which must be s a t i s f i e d  i f  t h e  model is  t o  provide 

good approximations. 

Lithium-like ions  - 
Sea tonfs  Quantum Cefect Theory i s  applied t o  t h e  l i th ium-l ike  ions 

C IV, N V ,  and 0 VI. A t a b l e  of t h e  fit parameters f o r  t h e  s and p 

s t a t e s  of these  ions,  from which t h e  quantum defect  funct ion can be c a l -  

cula ted  f o r  negat ive  and p o s i t i v e  energy s t a t e s  of t h e  valence e lec t ron ,  

is provided. 



Rate coefficients - 
A compilation of the data available on the rate coefficients of the 

lithium-like ions C IV, N V,  and 0 VI up to 1975 is carried out. A cri- 

tical analysis of the formulas available to generate the unknown rate 

coefficients is performed. Semi-empirical representations of the lithi- 

um-like cross-sections are developed and tables of fit parameters are 

provided to permit the calculation of all needed coefficients from rela- 

tively simple but reliable analytical formulas. 

kdiative recombination rate coefficients - 
A semi-empirical expression is proposed to represent the photoioniza- 

tion cross-sections of the lithium-like ions. An analytical formula to 

calculate the radiative recombination rate coefficients is then develop- 

anG tables of fit parameters are givenfor the lithium-like ions 

- C IV, N V, and 0 VI. 

Electron impact ionization rate coefficients - 
Evidence is presented to justify the application of a formula propo- 

sed by Lotz (1967, 1968) for ground-state ionization, to the calculation 

of ionization rate coefficients of excited states. 

Electron impact excitation rate coefficients 

Semi-empirical cross-section formulas proposed by Drawin (1963, 1964, 

1966) for allowec and forbidden transitions are modified to account for 

the finite value of the excitation cross-sections of positively charged 

ions at the threshold. Analytical expressions to calculate the rate co- 

efficients are then developed and tables of fit parameters are given for 

the lithium-like ions C IV, N V, and 0 VI. 



Evaluation of integrals - 
Accurate analytical approximations to integrals often encountered in 

atomic physics have been developed for use on computers. Among the more 

important ones, we have 

where E,(x)  is the exponential integral, 

and j: rp  e-a d x = sP (4 
for integral or half-integral, and positive or negative values of . P 



Chapter I 

POPULATION DENSITIES OF THE ENERGY LEVELS OF A MONA'XYMIC PLASMA 

1. INTROWCTION - 

A plasna cons is t s  of one o r  more elements i n  various s tages  of  ioni- 

zation. Its main cons t i tuen ts  a r e  pos i t ive ly  charged ions, f r e e  elec- 

t rons ,  neutral  atoms, and electromagnetic radiat ion from d i sc re t e  and 

continuous spectra.  

In  t h i s  w r k ,  we consider a monatomic (element A ) ,  s t a t ionary ,  and 

s p a t i a l l y  homogeneous plasna, f r e e  of magnetic f i e ld s .  Label A r e f e r s  

t o  a l l  ionizat ion s tages  of  element A: neutral  (A I)  , singly-ionized 

(A 11) , doubly-ionized (A 111) , . . . . Element A is characterized by a 

dens i ty  n, cm-' and a temperature TR Kelvin , and the f r ee  e lec t rons  

by a densi ty  ne and a temperature Tc . Furthermore, each s tage of ion- 

iza t ion  X of  element A is characterized by a dens i ty  n';) ; then 

A l l  p a r t i c l e s  of  t he  plasna a r e  assumed to  be a t  t he  same temperature T: 

Under the  plasna conditions considered in  t h i s  w r k ,  t h i s  is a reasona- 

b l e  approximation, espec ia l ly  s ince  T, is used only t o  ca lcu la te  the  

ionizat ion equi l ibr iun of element A (see Section 4.2 of t h i s  Chapter). 

- 1 -  



2. ENERGY DISTRIBUTION OF THE FREE ELECTRONS - --- 

The mass of t he  e lectron is much smaller than t h a t  of any ion. Tne 

e lec t rons  a r e  thus much more mobile than the  ions. Their energy d i s t r i -  

bution i n  a plasma is described by M?~x~~~ell-Bol. tzmann s t a t i s t i c s :  

where f,,(g) is the  Maxwell-Boltmann d i s t r i bu t ion  function 

E is the  f r ee  e lectron k ine t ic  energy, and k is Boltanann's constant. 

Tnis d i s t r i bu t ion  function holds i f  the  aean de  Broglie wavelerqth of 

the  plasma e lec t rons  is appreciably smaller than the mean dis tance bet- 

ween them (Vedenov, 1965, p.235). A s  derived in  '4ppendix A, t h i s  ~ u t s  

an approximate upper l i m i t  on n, of 

This condition is i l l u s t r a t e d  g r a m i c a l l y  i n  Fig,A.I. In a l l  cases stu- 

died i n  t h i s  m r k ,  we a r e  well below t h i s  upper l i m i t  of  validity'. 

An approximate lower l i m i t  of v a l i d i t y  can be derived a s  follows. An 

e lec t ron ic  Maxwlliac d i s t r i bu t ion  w i l l  hold i f  a su f f i c i en t  nmber of 
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e l a s t i c  c o l l i s i o n s  occurs between the f r e e  e lec t rons  t o  allow enough 

energy exchanges between them to e s t ab l i sh  a Maxwellian energy d is t r ibu-  

t ion.  'This w i l l  be the  case i f  the  plasna is s u f f i c i e n t l y  dense. A 

crude estimate of the  lower l imit ing value of a, is accordingly 

obtained in  Appendix A and i l l u s t r a t e d  graphical ly  i n  Fig.A.l a s  a flux- 

t i on  of T fo r  atomic hydrogen, f o r  a hydrogenic ion with Z = lfl, and for  

t he  lithium-like ion C IV. For a.hydrogenic o r  l i t h i m - l i k e  pla-ma with 

14 
~IA = 10 an'3, the  d i s t r i bu t ion  w i l l  be c lose  t o  blaxwsllian i f  

Since \E consider plasmas with 

fie 10" - lo1* cm-' > 

we e x p c t  the  Maxwellian d i s t r i bu t ion  t o  be a reasonable approximation 

t o  the  actual  d i ~ t r i b u t ~ i o n  function of t he  f r e e  e lec t rons  i n  the plasma. 

A s u f f i c i e n t l y  dense plasna a l so  insures t h s t  t he  time of r e s p n s e  of 

t.he d i s t r i bu t ion  t o  a change i n  the plasma parameters is s u f f i c i e n t l y  

rapid t h a t  the  d i s t r i bu t ion  remains Maxwllian a t  a l l  times. 

Howver, the  v a l i d i t y  conditions can be qu i te  complex and departures 

from a Maxwllian d i s t r i bu t ion  a r e  possible even i f  eqs. (1.6) and (1.7) 

a re  val id .  Recent m r k  (Shoub, 1977) suggests t h a t  departures from a 

f r e e  e lec t ron  Maxwellian d i s t r i bu t ion  i n  a pure hydrogen gas can occur 

i n  the  high-energy t a i l  of the  d i s t r i bu t ion  i f  the  ionizat ion leve l  is 

very low ( n, /n, & I % ) and i f  the  ground s t a t e  p p u l a t i o n  is f a r  from 
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its e q u i l i b r i m  value. Drawin (1975, p.596) a lso mentions t h a t  

departures a r e  possible rhen the degree of ionizat ion is smaller than 

approximately 0.5%. Some additional m r k  on t h i s  subject  may be found 

in  Oxenius (1970a, b) , Shaw e t  a l .  (1978a, b) , Suckewer (1970) , end 

Drawin (197t3a, 1971) . 

3. EQUILIBRIUM POPULATION OF THE LEVELS - -- 

3.1. The Local Thermodynamic Equilibrium (LTE) model -- -- -- 

Plasmas i n  complete thermodynamic equi l ibr iun (CTE) only e x i s t  under 

very spec ia l  conditions and a r e  thus  very r a r e ly  observed. FIowver, 

there  e x i s t s  a l a rge  c l a s s  of  plasmas i n  which each volume element ful- 

f i l l s  a l l  thermodynamic equi l ibr iun laws derived for  plasmas i n  CTE 

except for  Planck's radiat ion law. Such plasmas a r e  said  t o  be i n  loca l  

thermodynamic equi l ibr iun (LTE). 

In these plasmas, t he  leve l  population dens i t i e s  a r e  determined 

so l e ly  by co l l i s iona l  processes which a r e  assumed t o  occur rapidly 

enough t h a t  the  population d e n s i t i e s  respond instantaneously t o  any 

change i n  the  plasma conditions. The population dens i t i e s  thus depend 

e n t i r e l y  on loca l  values of the  plasma parameters. Furthermore, each 

physical process is then accompanied by its inverse and, by the  princi- 

p le  of de ta i led  balancing (see Section G of Chapter 11), these p a i r s  of 

processes occur a t  equal ra tes .  The advantage of t h i s  model is t h a t  the  

atomic cross-sections of  t he  various physical processes a r e  not  needed 

t o c a l c u l a t e t h e p o p u l a t i o n d e n s i t i e s .  Thesearedetermined % ? s l y b y  

the  laws of s t a t i s t i c a l  mechanics which we now consider. 
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3.2. The Boltzmann equation -- - 
Consider a par t icu la r  ionization s tage of element A which we l abe l  X. 

W e  then use "ion X" t o  denote the X-times ionized atom of element A. 

Its t o t a l  e l e c t r i c  charge is +Xe where e is the  e lec t ron ic  charge. We 

l abe l  tw s t a t e s  of ion X a s  p and q; p >c q unless otherwise indicated. 

The ground s t a t e  is label led a s  1, the  f i r s t  excited s t a t e  a s  2, and so 

on i n  order of increasing level  energy. 

Tne nunber of ions  X t h a t  have an e lec t ron  i n  s t a t e  q r e l a t i v e  t o  

those with an electron i n  s t a t e  p ( p  < q) is then given by the  Boltanann 

equation (Novotny, 1973, p.108) 

*ere fly' and ny' a re  the p p l a t i o n  dens i t i e s  of ions  X with an elec- 

t ron  i n  l eve l s  q and p respectively,  a;" and a:' a re  the correspnding 

s t a t i s t i c a l  weights, 

is the energy separation of l e v e l s  p and q, and E:) and E:' arc the  

absolute values ,  of the  energy eigenvalues of  l e v e l s  q and p respec- 

t ively.  The Bollmann equation can a l so  be wri t ten a s  t he  f rac t ion  of 

ions  X t h a t  have an e lec t ron  i n  s t a t e  p: 
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where n") is the pop la t ion  density of ion X and u'I' is the  par t i t ion  

function of ion X: 

Its evaluation is discussed in  Appendix B. 

3.3. The Saha equation -- -- 

The Saha equation (unstdld, 1977, p.154; Griem, 1964, p.135) can be 

formulated in many ways. In general, it gives the re la t ive  population 

dens i t ies  of various stages of ionization of an element. ?he following 

examples i l l u s t r a t e  its use. 

'Ihe re la t ive  popllation dens i t ies  of ions X and X+1 i n  the i r  ground 

s t a t e s  are  given by 

where I?) is the ionization p t e n t i a l  of ion X i n  its ground s t a t e  and 

a l l  other symbols have the i r  usual meaning. The re la t ive  dens i t ies  of 

ions X and X+1 in  various s t a t e s  are given by 

h e r e  I(;) is the ionization p t e n t i a l  of ion X i n  excited s t a t e  p and 

~:"q*) is the energy separation of the ground and the s t a t e  of ion 

X+1. The re la t ive  dens i t ies  of a l l  ions X and X+1 are given by 



Various combinations of these equations produce a l t e rna t e  forms of the  

Saha equation. 

In t h i s  mrk, t he  equation is used a s  follows. Since we concentrate 

on one par t icu la r  ionization s tage ( X )  of element A, we simplify the  

notation by neglecting the  superscr ipt  X. Tne various s\ymbols then 

become : 

ny' -> np: p o p ~ l a t i o n  densi ty  of l eve l  p; 

H(*+l' -> n;: ionic  density;  

' -> w,,: s t a t i s t i c a l  weight of  l eve l  p; 

u(*+')-> a; : ionic  plrti t i on  function; 

1:) -> I,: ionization poten t ia l  of s t a t e  p. 

Combining eqs. (1 .14)  and (1.15) vie then obtain  the f ~ l l o w i n g  fonn of t h e  

Saha equation: 

n; = t , ( ~ )  ni n, . . . (1. 16) 

h e r e  n: is the  Saha e q u i l i b r i m  p p u l a t i o n  densi ty  of l eve l  p and 

Numerically, 
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For hydrogenic ions, U; is the par t i t ion  function of the  bare nucleus 

and, a s  discussed in Appendix B, 

The same holds for  l i thiun-like ions since UL is then the par t i t ion  

function of a closed shel l  ion. 

3-4. Validity of the LTE model - - ---- 

A combination of the Boltzmann and Saha equations completely des- 

cr ibes the pop la t ion  dens i t ies  of the energy levels  of a monatomic 

plasna i n  LTE. The conditions under h i c h  such a description is valid 

have been investigated extensively. Examples of the work t h a t  has been 

carried on include l38hn-1 (1960) h o  discusses the va l id i ty  of the Boltz- 

mann equation (p.104), the Saha equation (p.lBPI), and the LTE model 

(p.96), Griem (1964, p.145), Mcbhirter (1965, p.205), and Drawin (1975, 

p.591). 

The conditions under h i c h  the LTE model is valid are  complex, How- 

ever, a simple but crude c r i t e r ion  can be obtained by considering the 

f a c t  t h a t  LTE conditions w i l l  prevail i f  the plasma is dominated by col- 

l i s iona l  processes, Thus there is a lower limiting value of n, below 

which radiative processes are not neqliqible and LTE is not valid. This 

approach is used by McWhirter (1965, p.2fl6) t o  derive the values of n, 
above which radiative processes cause l e s s  than a 10% departure of the 

plasma from LTE, For T i n  Kelvin and Epq in  eV, t h i s  condition is . 
g iven by 



fo r  a l l  values of p  and q. This c r i t e r i o n  is l e a s t  l i k e l y  t o  be sa t i s -  

f i ed  for  the  l a rges t  energy gap i n  the  term scheme of t he  ion consid- 

ered. For hydrogen, the  l a rges t  energy gap l i e s  between s t a t e s  1 and 2: 

El,, = 1131.2 eV. Thus a  hydrogenic plasma w i l l  be i n  LTE f o r  

The upper l imit ing value of n, above which LTE is not  va l id  can be 

obtained from the v a l i d i t y  conditions of t he  Boltzmann and Saha equa- 

t ions .  The app l i cab i l i t y  of these tm equations is limited by the val- 

i d i t y  conditions of Maxwll-Boltmann s t a t i s t i c s .  A s  derived i n  Appen- 

dix A, the  upper l i m i t  on n, is thus given by eq. (1.6), v iz .  

The l i m i t s  given by eqs. (1.21) and (1.6) a r e  i l l u s t r a t e d  graphical ly  

i n  Fig.l.1. As can a l so  be seen i n  t h i s  f igure ,  the  f r ee  e lectron den- 

s i t i e s  of the  plasmas studied in t h i s  m r k ,  and given by eq.(1.8), a r e  

well outs ide the domain of app l i cab i l i t y  of the  LTE moclel. This model 

is thus no t  useful t o  us a s  a general plasna model; however, its value 

l i e s  i n  the  f a c t  t h a t  it can be applied t o  high-lying quantum st-" a ~ e s .  

mis is due t o  the  f a c t  t h a t  co l l i s ion  cross-sections increase rapidly 

a s  t he  pr incipal  quantum nmber increases,  whereas rad ia t ive  decay r a t e s  
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decrease under such conditions. A l eve l  is thus eventually reached for  

a i c h  co l l i s iona l  processes dominate the  p p u l a t i o n  of the  levels .  Then 

a l l  excited s t a t e s  lying between the ionizat ion l i m i t  and t h i s  l o \ e s t  

LTE s t a t e  a r e  i n  LTE and t h e i r  population dens i t i e s  can be obtained from 

the Bol tmann and Saha equations (Giovanelli , 1948; Drawin, 1975, 

p.595). A crude estimate of t h e  l i m i t  of v a l i d i t y  of t h i s  approach can 

be obtained by applying McWhirter's c r i t e r i o n ,  eq.(1.20). For example, 

suppose we wish t o  take leve l  10 a s  the  lowest LTE s t a t e  of  a hydrogen 

plasma. Then s ince the l a rges t  energy gap i n  the  term scheme of hydro- 

gen above level  10 l i e s  between s t a t e s  ill and 11 f o r  wfiich 

Em,,, = 0.i3236 eV, t he  value of n e  above which the  rad ia t ive  processes 

w i l l  cause l e s s  than a l f l %  departure of t he  population of l eve l  18 from 

LTE is given by 

This lower l i m i t  is a l so  shown i n  Fig.l.1. We see  t h a t  t.his approach 

can be very useful for  the  plasmas considered in  t h i s  mrk .  

4. NON-EQUILIBRIUM POPULATION OF THE LEVELS - - - -- 

4.1. The Collisional-Radiative (CR) model -- --- --  

4.l.a. Introduction 

Plasmas t h a t  do not obey the  LTE model a r e  ca l led  non-LTE pla.smas. 

The population dens i t i e s  of the  energy l e v e l s  of ions  i n  non-LTE plasmas 
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must be obtained from the r a t e  coe f f i c i en t s  of  the  individual co l l i -  

s ional  and rad ia t ive  processes occurring within the  plasma. Several 

models which take in to  account some o r  most of these processes have been 

proposed; of these,  t he  most useful and general is the Collisional-Radi- 

a t i v e  (CR) model, 

Tnis model was f i r s t  proposed and applied to  hydrogenic ions by Rates 

e t  a l .  (1962a, b) . It was subsequently used by Bates and King- 

s ton (1963) and McWhirter and Flearn (1963). Since then, much m r k  has 

been done on and with t he  CR model, too nunerous t o  be a l l  mentioned in  

t h i s  mrk. Drawin (1959) reformulated the model within the  context of 

the  Boltanann co l l i s ion  equation. I t  was f i r s t  applied to  helitan by 

Drawin and Ehard (1970), t o  l i t h i u n  by Gordiets e t  a l ,  (1968), and t o  

cesium by Morcross and Stone (1968). F'ujirnoto e t  a l .  (1972) performed 

ca lcu la t ions  on hydrogenic ions with the  bes t  daka availab1.e on the r a t e  

coef f ic ien ts ;  they pub1 ished extensive t a b l e s  of r e s u l t s  and discussed 

these a t  length. W e  thus follow t h e i r  notation a s  c lose ly  a s  possible. 

S tevefe l t  and Robben (1972) found tha t  the  col l is ional-radiat ive recom- 

bination coe f f i c i en t s  calculated by Bates e t  a l .  (1962a, b) with t he  CR 

model agree within a fac tor  of t with experimental values they 

obtained for  he1 in plasmas. Tnis agreenent is reasonable, es-cially 

s ince  Bates e t  a l .  (1962a, b) calculated a l l  e lectron impact cross-sec- 

t i o n s  with c l a s s i c a l  formulas given by Gryzinski (1959). The CR model 

can thus be expected t o  provide a reasonable descr ipt ion of ce r t a in  

types of  non-LTE plasmas; these a r e  specif ied in  Section 4.1.h of t h i s  

Chapter. 



4.l.b. Physical processes occurring i n  a plasma 

L e t  e denote an electron,  ho  a photon, and N; an X-times ionized 

atom (ion X)  in s t a t e  p. Then the physical processes occurring within 

the  plasma and included in  the  CR model can be described a s  follows 

( these a r e  schematically represented i n  Fig. 1.2) : 

i. Col l is ional  ionization by e lec t ron  impact: 

The r a t e  coef f ic ien t  of  t h i s  process is denoted by: 

The number of such processes occurring per un i t  volume per un i t  time is 

g iven by : 

ii. Three-body recombination: inverse of process ( i ) :  

Rate coeff ic ient :  O$(T)  m6s" . . . a (1.27) 

-3 - 1  Number of processes: n: a; a (T) an s . *.. (1.28) 

iii. Radiative reconbination: predominates over process (ii) i n  lori-den- 

s i t y  plasmas: 
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FIGURE 1 .2  - PHYSICAL PROCESSES OCCURRING I N  A PLASMA- 



K N'+'+ e -> N~ + h v  . 

Rate coeff ic ient :  bp (T)  m3s-' . 
Number  of  processes: .. n; pr (T )  

m-3 s-' . ... (1.31) 

iv  . Coll is ional  exc i ta t ion  by e lec t ron  impact ( p  < q) : 

Rate coef f ic ien t :  Cpqq (T) m3s.'. ... (1.33) 

Number of processes: np ne C ,,. (T ) an'' s- ' . ... (1.34) 

v . Coll is ional  de-excitation by e lec t ron  impact ( p  < q): inverse of 

process ( iv) : 

Rate coef f ic ien t :  Fq. (T  ) m3s- '  . 
Number ofprocesses :  hq n. Fqep (T) ~ m - ~ s - '  . 
v i  . Spontaneous t r ans i t i on  ( p  < q) : 

Einstein  probabi l i ty  coef f ic ien t :  Aq+p s" . 
Number of processes: m-3 S-l 

nq AS.-? 

These a r e  the main physical processes which occur i n  a plasma under 

most conditions . Other processes a r e  p s s i b l e .  but s ince they occur 

less f r e q ~ e n t l y .  they a r e  n q l e c t e d  . For example. a1 1 processes involv- 
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ing electron t r ans i t i ons  due t o  heavy p a r t i c l e  co l l i s ions  such a s  

proton-atom, proton-ion, atom-atom, atom-ion, o r  ion-ion c o l l i s i o n s  a r e  

neglected. However, the  e f f e c t  of  some types of heavy p a r t i c l e  co l l i -  

s ions  has been investigated by Drawin (1969a, b) , Drawin and 

Bnard (1974) , and others.  

For the  sake of s implic i ty ,  t he  plasma is a l so  assumed t o  be opti-  

c a l l y  t h in  such t h a t  a l l  radiat ion emitted within the plasma escapes 

without being absorbed. The following physical processes a r e  thus 

neg 1 ec ted : 

v i i .  Photoexcitation ( p  < q) : inverse of process (v i )  : 

v i i i .  Fhotoionization: inverse of process ( i i i)  : 

However, plasmas i n  which radiat ion absorption occurs a r e  important and 

have been investigated by many workers. For example, Bates e t  

a l .  (1962b) consider a hydrogenic plasma which is op t i ca l ly  thick toward 

the l i n e s  of ce r t a in  se r ies .  Drawin (1969a, b, c, 1970b) and Drawin ar,d 

Elnard (1970, 1972, 1973, 1974) have in-vestigated radiat ion absorption i n  

non-LTE plasmas extensively. The e f f e c t s  of  radiat ion absorption a r e  

nunerous and very complex. 



4.l.c. Equations governing the l eve l  population dens i t i e s  

We consider leve l  p of  ion X and look a t  the  processes of Fig.l.2 

which contr ibute  t o  the  f i l l i n g  o r  emptying of leve l  p a s  shown i n  

Fig.l.3. The d i f f e r e n t i a l  equation describing the time var ia t ion  of the  

population densi ty  of l eve l  p is given by 

e l e c t r o n s  ehtering e's l e a v i n g  . . . (1.43) 

dt level p 

The t e n s  of  eq.(1.43) in  parentheses include contr ibut ions  from a l l  

l e v e l s  q < p, q > p, and continuum s t a t e s .  Using eqs.(1.25), (1.28), 

(1.31) , (1.34), (1.37), and (1.48) t o  include a l l  the processes of 

Fig.l.3 i n  eq. (1.43) , we obtain the  d i f f e r e n t i a l  equation 

vhere the do t  over n p  represents d i f f e r en t i a t i on  with r e s p c t  t o  t i ne .  

There is such an equation fo r  each and every leve l  p = 1, 2, ...,m of 

ion X. LVe thus obtain an i n f i n i t e  number of coupled f i r s t  order d i f f e r -  

e n t i a l  equations i n  the  p p u l a t i o n  dens i t i e s  of  t he  d i sc re t e  l e v e l s  of 

ion X. 

The normalized p p u l a t i o n  densi ty  of l eve l  p is defined by 
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h e r e  n; is the  Saha equi l ibr iun value of the  p p u l a t i o n  densi ty  of 

l eve l  p given by eq. (1.16). Dividing eq. (1.44) by n: and using 

eq. (1.45), the  s e t  of equations (1.44) becornes 

For l e v e l s  i n  LTE, de ta i led  balancing between the  co l l i s iona l  exc i ta t ion  

and de-excitation processes holds; then 

Using eqs. (1.47) and (1.16) , eq. (1.45) becomes 



A s  mentioned previously i n  Section 3 . 4  of t h i s  Chapter, there  exists 

a high-lying quantum s t a t e  r above ~ h i c h  the  d i sc re t e  l ~ v e l s  a r e  i n  LTE. 

The population densi ty  of these l e v e l s  is then given by 

The i n f i n i t e  s e t  of equations (1.48) thus becomes a f i ~ i t e  s e t  of r cou- 

pled equations vhich can be solved for  rpr p = 1, 2, ..., r. The 

i n f i n i t e  sums appearing in  eq, (1-48)  can he cu t  off  a t  a s u f f i c i e n t l y  

high-lying level  s > r ahwe  which the  r a t e  coe f f i c i en t s  involving these 

s t a t e s  contribute l i t t l e  t o  the i n f i n i t e  s u m s  of eq.(1.48), m e  set of 

equations (1.48) then becomes 



4.l.d. Solution of the  system of equations (1.50) 

The exact solut ion of t he  system of equations (1.50) , p , ( t )  , t he  

time evolution of the  population dens i t i e s  of  l e v e l s  p = 1, 2, ..., r of 

ion X, is very d i f f i c u l t  t o  obtain. It requires  a s e t  of  i n i t i a l  condi- 

t i ons  p ( t = 0) and can only be calculated numerically. Such a 

solut ion muld  be t i m e  consuming and of l imited use. A simpler solu- 

t ion ,  known a s  t he  quasi-steady s t a t e  (QSS) approximation, holds for  a 

l a rge  c l a s s  of plasmas and is used extensively i n  the  l i t e r a t u r e  (Bates 

e t  a l .  1962a, b, and subsequent papers mentioned previously i n  Section 

4.1.a of t h i s  Chapter). 

The simplest solut ion t o  the  s e t  of equations (1.50) is the  steady 

s t a t e  (SS) solut ion h i c h  is obtained by putt ing 

This time-independent solut ion holds when the r a t e  a t  which the elec- 

t rons  en te r  l eve l  p equals t he  r a t e  a t  which they leave leve l  p. once 

the  steady s t a t e  solut ion is establ ished,  a perturbation of t he  ppu1.a- 

t i on  densi ty  of level  p w i l l  be followed by a re turn t o  its steady s t a t e  

value i n  a time of order 

Cp is the  re laxat ion time of leve l  p. McWnirter and Hezlrn (1963) have 

calculated tp for  a wide range of plasma parameters. They conclude 

t h a t  the  relaxation time of the  ground s t a t e  is always much grea te r  than 
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t h a t  of any of t he  excited s t a t e s ,  even i f  the  plasna is not  near its 

steady s t a t e .  This is due t o  tw main reasons: a)  the e lec t ron  c o l l i -  

sion r a t e  coe f f i c i en t s  between excited s t a t e s  a r e  much grea te r  than 

those involving the ground s t a t e ;  b) the ground s t a t e  cannot decay by 

spontaneous rad ia t ive  t rans i t ions .  Consequently, the  population densi- 

t ies of  the  excited l e v e l s  of  ion X come in to  equi l ibr iun with particu- 

l a r  values of  t he  population dens i t i e s  of  t he  grcund s t a t e ,  of t he  f r ee  

e lectrons,  and of t he  ions X+l i n  a time which is very sho r t  a s  compared 

t o  the ground s t a t e  re laxat ion time. Tnis is the bas i s  of  t he  E S  solu- 

t ion.  

4.l.e. The population coe f f i c i en t s  

We thus express the  population dens i t i e s  of the  excited s t a t e s  a s  a 

function of t he  ground s t a t e  p p l a t i o n  density:  

,-Lo) 
P and rC'' a re  ca l led  the population coe f f i c i en t s  of l eve l  p. Furth- 

P 
ermore, s ince  the population dens i t i e s  of  the  excited s t a t e s  a r e  i n  

e g u i l i b r i m  with t h a t  of t he  ground s t a t e ,  we solve the system of cou- 

pled equations (1.50) by putt ing 

and 
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s ince,  i n  general ,  t he  ground s t a t e  is not  i n  equil ibriun.  In our cal- 

culat ions ,  we a l so  assume t h a t  the  f r ee  e lectron and ionic dens i t i es ,  

ne and uL respectively,  do not change subs tan t ia l ly  during the time of 

es tabl  ishment of the  Q5S. This r e s t r i c t s  the  app l i cab i l i t y  of the  

approximation and is discussed more extensively i n  Section 4.1.h of t h i s  

Chapter. 

Subst i tut ing the t r i a l  solut ion (1.53) in  the  system of e q u a t i ~ n s  

(1.50), and using the condition (1.54), we obtain  

q=, P"9 

This s e t  of equations is of the  form 



The general solut ion of eq. (1.57), fo r  an a r b i t r a r y  value of p,t is 

Before proceeding with the  solut ion of eq. (1.58) , ce r t a in  l imit ing con- 

d i t i o n s  must be impsed on the  p p u l a t i o n  coe f f i c i en t s  ry' and P;' 

corresponding t o  the cases  when p = 1 and p > r .  Substi tuting p = 1 i n  

eq.(1.53), we obtain the condition 

The other  condition, which is obtained by put t ing p > r i n  eq. (1.53), 

has  already been impsed on the s e t  of equations (1.56): 

Subst i tut ing for  ap and bp in  eq.(1.58) from eq.(1.56), and impsing 

the condition (1.59), we obtain the following two sets of r-1 equations 

i n  the  p p l l a t i o n  coe f f i c i en t s  rr' and r:) respectively:  



4.1.f. The population d e n s i t i e s  

Once t he  ppu la t i o r i  coeff i c i en t a  rco) and ' have been obtained 
P 

from the s e t s  of equations (1.61) and (1.52) respectively,  they a r e  sub- 

s t i t u t e d  i n  eq. (1.53). For any value of P, , t he  p p u l a t i o n  d e n s i t i e s  

f' P can then be calculated.  From eqs. (1.45) and (1.16) , 

subs t i tu t ing  eq.(1.63) i n  eq.(1.53), we obtain  



A s  required by the  QSS approximation, t he  population dens i ty  of the  

excited s t a t e  p depends on the  value of t he  ground s t a t e  population den- 

s i t y  n,, t he  f r e e  e lectron densi ty  n,, and the ionic  densi ty  n;. The 

powla t ion  dens i ty  per un i t  s t a t i s t i c a l  weight is given by 

where up is the  s t a t i s t i c a l  weight of l eve l  p. The population densi ty  

per un i t  s t a t i s t i c a l  ~ i g h t  must be used &en the population dens i t i e s  

of  d i f f e r en t  s t a t e s  a r e  compared. 

4. l .g .  The col l is ional-radiat ive r a t e  coe f f i c i en t s  

The time evolution of t he  population dens i ty  of t he  ground s t a t e  can 

be studied with eq. (1.50) *en p = 1. Substituting for  f' p 
from 

eq, (1-53) , and using the previously calculated population coe f f i c i en t s  

and eq.(1.45), we obtain the d i f f e r e n t i a l  equation 

S,, and o(,, a re  cal led the c o l l  isional-radiative ionization and recam- 

bination r a t e  coe f f i c i en t s  respectively.  They a r e  the  e f f ec t ive  ioniza- 

t i on  and recombination r a t e  coe f f i c i en t s  of the  plasma. They a r e  

re la ted  t o  the  individual atomic r a t e  coe f f i c i en t s  by t h e  following 

expressions : 



The solut ion of eq. (1.66) can e a s i l y  be shown t o  be given by 

The steady s t a t e  population densi ty  of the  ground s t a t e  is obtained in 

the  l i m i t  t -> oo : 

n:' = o(.. 
n i .  

Sca 

4.l.h. Validi ty  of the  QSS approximation 

The E S  approximation is based on the f a c t  t h a t  the  relaxation time 

of the  ground s t a t e  is grea te r  than t h a t  of any of the  excited s t a t e s .  

lkus  a s  t he  population densi ty  of the  ground s t a t e  changes, t he  popula- 

t i o n  dens i t i e s  of the  excited s t a t e s  respond in  a coinprat ively very 

sho r t  time and remain i n  e q u i l i b r i m  with the  gromd s t a t e  popi~lation 

densi ty ,  t he  f r ee  e lectron densi ty ,  and the ionic density.  McWnirter 

and I-fearn (1963) s t a t e  t h a t  such is always the case,  even .hen the 

plasna is not  near its steady s t a t s .  However, s ince we assw11e t h a t  n, 

and rli remain constant during the time of establishment of the  @S, the  

approximation w i l l  break down under ce r t a in  plasma conditions. 
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According to Mcbhirter and Hearn (1963), t h i s  w i l l  occur when the 

t o t a l  population densi ty  of the  d i sc re t e  excited s t a t e s  is grea te r  than 

the  population dens i ty  of the  ions i n  the  next s tage  of ionization. 

Then i f  a change i n  the  plasma conditions occurs, a l a rge  proportion of 

e lec t rons  may pass between the  continuum and the bound l eve l s  and sub- 

s t a n t i a l l y  change the  value of & o r  n;. The @S approximat.ion for  

constant n, and n; is thus val id  i.f 

Subst i tut ing eq. (1.64) in  eq. (1.71) , we g e t  

Other conditions must a l so  hold for  the  approximation t o  be val id:  

From eq. (1.73) , Rates e t  a l .  (1952b) der ive the v a l i d i t y  condition 

which is s a t i s f i e d  by a l l  but very dense plamas.  Eq.(1.74) holds i f  

the mean thermal energy of t he  f r e e  e lec t rons  is much less than the 

f i r s t  exc i ta t ion  energy of t he  ion considered: 



Subst i tut ing the average ve loc i ty  of a Maxwellian ve loc i ty  d i s t r i bu t ion  

of t he  f r ee  e lec t rons  

in  eq. (1.76), w s  obtain  the  condition 

h e r e  E ,,, is i n  eV. For hydrogenic ions, eq. (1.78) becomes 

and for  l i th iun-l ike ions, with the  2p - 3s exc i ta t ion  energy, 

The conditions (1.75) a ~ d  (1.79) a re  displayed graphical ly  i n  Fig.l.4 

f o r  a hydrogen plasma, In general ,  the  QSS approximation for  constant 

ne and nl w i l l  not hold for  very dense and very ho t  plasmas, 



FREE ELECTRON TEMPERhTURE 9 Te (KELV I N ,  K) 

FIGURE i . 4  - APPROXIMATE L I M I T S  OF A P P L I C A 5 I L I T Y  OF THE 
QSS APPROXIMATION A T  CONSTANT ne AND ni 
FOR HYDROGEN PLASMAS (SI-iADED REGION) . 



4.2. Calculation -- of t he  ionizat ion equilibrium 

4.2.a. The model 

Tne r e l a t i v e  p p l l a t i o n  d e n s i t i e s  of various s tages  of ionizat ion of 

a  monatomic non-LTE plasna under s t a t i s t i c a l  equi l ibr iun a r e  calculated 

approximatelywiththemodel of House (1964). Even thoughthe  calcula- 

t i ons  a r e  highly s impli f ied,  the  model provides a  f i r s t  approximation t o  

the  ionizat ion equi l ibr iun of monatomic pla,mas of hydrogen t o  iron and 

a  general method of obtaining a  consis tent  s e t  of r e l a t i v e  population 

d e n s i t i e s  fo r  t he  ionization s tages  of these elements. 

Since the plasna is not i n  LTE, the  individual physical processes 

contributing to  the  ionization equi l  i b r i m  must be considered. The 

model is based on the  following assumptions: Each s tage  of ionizat ion 

of  element A cons is t s  of only a  ground s t a t e  and a  continuum. 'fie mona- 

tomic plasna is o p t i c a l l y  th in .  Thus the  only processes t h a t  control  

the  i o n i z a t i ~ n  equi l ibr iun a re  co l l i s iona l  ionization by e lec t ron  

impact, three-body recombination, and rad ia t ive  recombination; photoion- 

iza t ion  is absent. f i r t h e m o r e ,  s ince  excited s t a t e s  a r e  not consid- 

ered, any ionizat ion o r  recombination process occurring through these 

s t a t e s  is neglected and, under ce r t a in  conditions,  can r e s t r i c t  the  

app l i cab i l i t y  of the  model. 



4.2.b. Ionization equilibrium equations 

Let the  r a t e  coef f ic ien t  fo r  ionizat ion of t he  X-times ionized a t ~ m  

(ion X) of element A be denoted by R,,,,, and t h a t  fo r  recombinatiorl 

of  ion X+1 by R,+,-, . Then under s t a t i s t i c a l  e q u i l i b r i m ,  we have 

*ere nCx) and nCX+') a r e  the d e n s i t i e s  of  ions  X and X+1 respec- 

t ively.  We denote the  r a t e  coe f f i c i en t s  fo r  the  individual processes 

included i n  the  model a s  follows: 

i. co l l i s iona l  ionization of ion X: S\+x+ ,  ; . . . (1.84) 

ii. rad ia t ive  recombination of ion X+1: P 1 x + t + x  5 . . . (1.85) 

iii, three-body recombination of ion X+1: M ' ~ + , - , ~  . . . . (1.86) 

The prime on these coe f f i c i en t s  ind ica tes  t h a t  they a r e  not defined as 

those used in  the  CR model; they a r e  equivalent t o  the  CR model coeffi-  

c i e n t s  multiplied by n, ( nz fo r  ' ) . Substi tuting the r a t e  

coe f f i c i en t s  (1.84) , (1.85), and (1.85) in to  eq. (1.83), we g e t  

We use simple but very approximate expressions fo r  the r a t e  coeff i -  

c i e n t s  of eq.(1.87). The advantage of such an approach is t h a t  general 

ca lcu la t ions  can be perfomed without considering each ion individualiy,  

'Ihe co l l i s iona l  ionization r a t e  coef f ic ien t  is calculated with the  fol- 

lowing simple approximate formula (Allen, 1961): 



where 5 ,  is the nimber of e lec t rons  i n  the  outer  she l l  of ion X, 1, is 

the  ionization poten t ia l  of ion X i n  eV, 

ZK is the  core charge of ion X, and a l l  o ther  symbols have t h e i r  usual 

meaning. The three-body reconbination r a t e  coef f ic ien t  is obtained from 

the co l l i s iona l  ionization r a t e  coef f ic ien t  s ince they a r e  inverse pro- 

cesses. Under L T ~  conditions, we have 

Thus 

(x) '**') is given by eq. (1.15) . Using eq. (1.98) insures where  AH& 1 flSA,,/, 

t h a t  when the population d e n s i t i e s  approach the i r  LTE value, s t a t i s t i c a l  

e q u i l i b r i m  is maintained. The rad ia t ive  recombination r a t e  coeffi-  

c i e n t ,  i n  t he  hydrogenic approximation, is given by the approximate f ~ r -  
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An ion can be approximated by a s ing le  bound s t a t e  i f  the  population 

dens i ty  of the  ground s t a t e  is much grea te r  than t h a t  of any excited 

state : 

A s  mentioned previously i n  Section 4.1.h of t h i s  Chapter, t h i s  w i l l  hold 

i f  the  average k ine t ic  energy of the  f r ee  e lec t rons  is l e s s  than the  

energy separation of l e v e l s  1 and 2. The v a l i d i t y  of t h i s  approximation 

is thus given by eq.(1.78): 

where E,,, is i n  eV. Special cases  of t h i s  equation for  hydrogenic and 

l i th iun-l ike ions a r e  given i n  eqs. (1.79) t o  (1.82). 

The approximation of a s ingle-s ta te  ion a l so  neglects a l l  ionizat ion 

and recombination processes which occur through an excited s t s t e .  For 

example, ionizat ion from the ground s t a t e  may occur by exc i ta t ion  t o  

s t a t e  p followed by ionizat ion from s t a t e  p; recombination in to  the 

ground s t a t e  may occur by recombination in to  excited s t a t e  p followed by 

de-excitation t o  the  ground s t a t e .  The approximation is thus val id  i f  

d i r e c t  ionizat ion o r  recombination t o  the  ground s t a t e  occurs more 

rapidly than through an excited s t a t e .  The re laxat ion time of t he  one- 

s t e p  processes must thus  be much smaller than t h a t  of  the  tm-s t ep  pro- 

cesses: 



where tp is the  re laxat ion time for  an e lec t ron  t o  en te r  o r  leave s t a t e  

p and 't;,p for  an e lectron t o  make a t r ans i t i on  from the ground s t a t e  t o  

the  excited s t a t e  p o r  v ice  versa. Calculating the re laxat ion times 

from the corresponding r a t e  coef f ic ien ts ,  we find in  general t h a t  condi- 

t i on  (1.96)' is va l id  for  a l l  s t a t e s  p > p,i, where p,i, is a function 

of  T. For hydrogen, one-step processes occur a t  l e a s t  ten times f a s t e r  

than tm-s tep  processes, , 

above the following values of phi,,: 

For l e v e l s  below pin , the  re laxat ion times become comparable and even- 

tua l ly ,  t ~ - s t e p  processes predominate over one-step processes. Now- 

ever,  s ince  the values of the  coe f f i c i en t s  used in  these model calcula- 

t i o n s  a r e  very approximate, t h e  addi t ional  complications introduced i n  

the model by including the f i r s t  few low-lying l e v e l s  i n  the  calcula- 

t i o n s  a r e  not  j u s t i f i ed .  

Conditions (1.78) and (1.98) a r e  val id  i f  n, s a t i s f i e s  the  v a l i d i t y  

condition (1.94) given by House (1954). For values of r?, grea te r  than 

those of eq.(1.94), the recombination of a f r ee  e lec t ron  in to  an excited 

s t a t e  p with a subsequent de-excitation t o  the ground s t a t e  occurs 
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f a s t e r  than d i r e c t  recombination in to  the ground s t a t e .  Tne model thus 

breaks down a t  high values of n, . It should a l so  be noted t h a t  for  

l i th iun- l ike  ions, l a rger  e r r o r s  may r e s u l t  from the use of the  model, 

due t o  the m a l l  energy separation of t he  ground and the f i r s t  excited 

s t a t e s .  

5. POPULATION INVERSIONS I N  PLASMAS COOLED BY ADIABATIC EXPANSION - - - 

5.1. Introduction --  

The poss ib i l i t y  of using a recombining plasna a s  an amplifying medim 

of electromagnetic radiat ion was f i r s t  suggested by Gudzenko and !%eie- 

pin (1963). Calculations performed on a hydrogen plasma by Gudzenko and 

Shelepin (1965) and Gudzenko e t  a l .  (1967) subsequently con£ irmed t h i s  

s q g e s t i o n .  Since then, elements with more complex electron s t ruc tu re s  

have been investigated: fo r  example, l i t h i m  by Gordiets e t  a l .  (1968) 

and argon by Gordiets e t  a l .  (1971) . Such plasmas a r e  cal led plasma 

l a s e r s  (Gudzenko e t  a1 .., 1974) . 

5.2. Plasma l a s e r s  --  
We consider the  basic  pr inc ip les  of operation of a plasma laser .  As 

discussed in  Appendix A, t he  mean time between electron co l l i s ions  det- 

ermines t he  r a t e  of establishment of the  e lec t ron  temperature within a 

plasma. Tne smallness of  the  time between e l a s t i c  co l l i s ions  i n  a dense 

plasma thus makes it possible,  i n  pr inciple ,  t o  rapidly reduce the elec- 

t ron  temperature of such a plasma (see eq.A. 7) . For example, i n  plasma 

d e n s i t i e s  of order ni N n, w 10" - 18" cme3 , a s ing le  d i s t r i bu t ion  of 
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t h e  e lec t rons  is established i n  a t i m e  of order t 10-" - 10-'O s 

(Gudzenko and Shelepin, 1963) . 
Rapid cooling of a s t rongly ionized plasma r e s u l t s  i n  rapid recombi- 

nation o f  the,electrons and t he  ions i n t o  highly excited atomic s ta tes .  

me subsequent re laxat ion of t he  e lec t rons  t o  the  ground s t a t e  by spon- 

taneous and non-radiative t r ans i t i ons  occurs i n  a time which, f o r  the  

estimated values of  t he  plasma parameters 'used i n  t h i s  m r k ,  is la rger  

than la-' s. A t  t h e s e  dens i t i es ,  electron-ion recombination occurs by 

three-body recombination i n  a time shorter  than 10" s such t h a t  a rapid 

f i l l ing-up of the  upper excited l e v e l s  of  t h e  ions occurs. Furthermore, 

s ince  recombination in to  highly excited s t a t e s  occurs much more rapidly 

than in to  lower s t a t e s ,  t he  establishment of  l a rge  population inversions 

is favored. 

When l a rge  p o p l a t i o n  inversions have been established i n  the  excited 

lwels, the  plasma is sa id  t o  be i n  a s ta t ionary  drainage s t a t e .  It is 

still subs tan t ia l ly  ionized. A s  an example of the  times involved, Gud- 

zenko and Shelepin (1965) find t h a t  fo r  a dense low temperature plasma 

(Te w 1000 - 6000 K and n, - bound and f r e e  s t a t e s  10'' - 

10" anw3 ) , cooled by a fac tor  of twenty, s t a t i ona ry  drainage of the  

excited d i sc re t e  l e v e l s  is established i n  a time 0 - l s. Sta- 

t ionary drainage is maintained fo r  a time N 1~1~' s, and is folioed by 

a s tage  i n  vhich the  plasma is weakly ionized and the population densi- 

ties of  its l e v e l s  re turn t o  normal. Gudzenko e t  a l .  (1967) find t h a t  

t h e  above conditions can be s ign i f i can t ly  relaxed; f o r  example, t he  

cooling can be done more slowly o r  by stages. 



5.3. Adiabatic cooling of a plasma - - -- 
Various mechanisms of f r e e  e lectron cooling can be used. Several of 

these were f i r s t  considered by Gordiets e t  a l .  (1966): cooling of the  

f r e e  e lec t rons  by e l a s t i c  c o l l i s i o n s  with heavy p a r t i c l e s  and by diffu- 

sion of the  e lec t rons  t o  the container walls. The method of i n t e r e s t  t o  

us, rapid cooling of a plasma by adiabat ic  expansion, was f i r s t  investi-  

gated by Gudzenko e t  a l .  (1966) both fo r  magnetized and m a g n e t i z e d  

plasmas. 

An example of t h i s  cooling mechanism is t h e  adiabat ic  expansion of a 

plasna jet i n  a vacuum, Tne advantage of t h i s  method is t h a t  continuous 

amplification,  and thus continuous operation of a l a se r  is possible due 

t o  the f a c t  t h a t  the  d i f f e r e n t  s tages  of  the  recombining plasna decay a t  

d i f f e r e n t  times. Thus, a s  the  plasma expands, t he  s tages  of  t he  recom- 

bination process outl ined previously (see Section 5.2 of t h i s  Chapter) 

a r e  spread over space and the de-excited medim is thus removed from the  

ac t ive  las ing  zone, Experimental evidence of l a se r  ac t ion  due t o  the 

adiabat ic  expansion of highly ionized hydrogen o r  hydrogenic plasnas has  

been given by the  following workers: Gol'dfarb e t  a l .  (1966), Gol'dfarb 

e t  a l .  (1969), Hoffmann and Bohn (1972), I rons  and Peacock (1974), 

Dewhurst e t  a l .  (1376), and Sato e t  a l .  (1977). 

Under adiabat ic  expansion conditions, t h e  dens i ty  n and the tempera- 

t u r e  T of a gas  a r e  re la ted by (Gudzenko e t  a l . ,  1967) 

T nl-' - - c o n s t a n t  



is the  r a t i o  of t he  spec i f i c  heat  a t  constant pressure fip and the spe- 

c i f i c  heat a t  constant volume ,c,. For a monatomic gas  and for  a f u l l y  

ionized plasma of hydrogen, we use (Gudzenko e t  a l . ,  1967) 

However, it should be noted t h a t  the  actual  value of 'd f o r  a plasma is 

lower than 5/3. &noting the i n i t i a l  dens i ty  and temperature of the  

plasna by no and TO respectively,  and the f i n a l  dens i ty  and temperature 

by n and T respectively,  we character ize  the  expansion by the  fac tor  

and the ensuing cooling of t he  plasma by the  fac tor  

Then from eq.(1.99), we have the r e l a t i on  

under adiabat ic  expansion conditions. In t h i s  w r k ,  we use f, = 5;  

then from eqs.(1.184) and (1.101), f. = 11.2. 



5.4. Model calculat ions  -- - 
We consider a monatomic, unrnagnetized, s ta t ionary  and s p a t i a l l y  homo- 

I 

I 4 
geneous plasma characterized i n i t i a l l y  by a dens i ty  t l l  = 1PI , a 

temperature To, and a f r ee  e lectron dens i ty  nb Denoting the ioniza- 

0 (x) t i on  s tage of element A of i n t e r e s t  t o  u s  by X, we obtain a, and 

n; 'xc') from the ionization equilibrium of element A calculated with 

the  model of House (1964) (see Section 4.2 of t h i s  Chapter). Using the 

simplified notation of  eq. (1.16) of Section 3.3 of t h i s  Chapter, these 

can be wri t ten a s  follows: 

The powla t ion  dens i ty  of ion X is equivalent t o  the sum of the  ppu la -  

t i on  dens i t i e s  of  its individual atomic l e v e l s  p: 

Under most conditions, t he  population d e n s i t i e s  of  the  excited s t a t e s  

a r e  much smaller than t h a t  of the  ground s t a t e :  

The conditions under which t h i s  expression is va l id  can be obtained from 

one of  the  v a l i d i t y  conditions of  the  CR model, eq. (1.78) , and a re  dis-  

cussed in  Section 4.1.h of t h i s  Chapter. I f  expression (1.1fl7) holds, 



and the calculat ion of the  ionizat ion equi l ibr iun then g ives  the  ionic 

densi ty  nf and the ground s t a t e  p p u l a t i o n  dens i ty  n': . 

We then cool the  plasma "instantaneously" under adiabat ic  expansion 

conditions by a fac tor  of f ive .  This represents a s i t ua t ion  i n  which 

the cooling occurs i n  a t i m e  shor ter  than the  electron-ion recombination 

t i m e .  The f e a s i b i l i t y  of t h i s  s i t u a t i o n  has been discussed previously 

i n  Section 5.2 of t h i s  Chapter. The plasma parameters, a f t e r  cooling, 

become 

The QSS p o p l a t i o n  dens i t i e s  of t he  excited s t a t e s  np, p = 2, 3, ... 
a r e  then obtained from the s e t  of parameters (1,109) with the CR m&el 

by solving eqs. (1.61) and (1.62) fo r  the  p p u l a t i o n  coef f ic ien ts  and by 

using these i n  eq. (1.64). 
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This solut ion holds when s ta t ionary  drainage has been established i n  

the  plasma and it represents the  amplifying proper t ies  of  t he  plasna. 

W e  do not  study the  t i m e  evolution of t he  population dens i t i e s  of the  

excited levels a)  from the s t a r t  of  the  cooling process t o  the  establ-  

ishment of s ta t ionary  drainage, and b) from the  decay of  s ta t ionary  

drainage due t o  the  re laxat ion of  t h e  inversely populated excited levels 

t o  the  f i n a l  w a k l y  ionized plasma i n  which the  population of t he  

excited s t a t e s  have returned t o  normal. 

5.5. Analysis of the  inversely populated t r a n s i t i o n s  - - -- 

Many t r ans i t i ons  a r e  found to  be inversely populated i n  these calcu- 

la t ions .  Howver, only a few of  these giving r i s e  t o  prominent l i n e s  i n  

the  v i s i b l e  spectrun a r e  studied. We follow t h e  analysis  used by 

Varshni and Lam (1976) on the  A4686 H e  I1 4 -> 3 t rans i t ion .  

The s t rength of an inversely populated t r ans i t i on  q -> p ( p  < q) can 

be characterized by the  f rac t iona l  gain per un i t  d is tance,  o(. A t  the  

cen t re  of  a Doppler-broadened l i n e ,  it is giveri by the  following expres- 

s ion (Willett, 1974, p.23): 

where A, is the  centre  wavelength of the  t r ans i t i on ,  AU is the  linew- 

id th ,  Wq is the  s t a t i s t i c a l  weight of l eve l  q, is the  Einste in  

probabi l i ty  coef f ic ien t  fo r  spontaneous t r a n s i t i o n  from leve l  q t o  p, 

and (Lengyel, 1966) 



P is a measure of the  population inversion and, f o r  l a se r  act ion t o  be 

operative,  P > 0. o( is rela ted t o  the i n t ens i ty  of a plane wave a t  A, 
by t h e  equation 

h e r e  L is the  length over which gain occurs. 

To be able  t o  compare various t r ans i t i ons  without specifying the 

linewidth A U  , we def ine a quant i ty  o(' given by 

a e r e  o( is given by eq. (1.110). The inversion is displayed on ne, T, 

p l o t s  ( ne - Te diagrams) showing contours of  equal o ~ '  (ecpi- o(' cont- 

ours) .  Fig.9.13 of Chapter I X  is a typical  n,-Te diagram. On a 

three-dimensional p lo t  with o(' a s  t he  t h i rd  ax i s  perpendicular t o  both 

the  ~ \ e  and the T, axes, t h e  diagram would appear a s  a triarigular 

pyramidal-shaped mountain with a very s t eep  slope on the  high-n, s ide ,  

a s t eep  slope on the low- T, s ide ,  and a gradual slope on the low- tl, , 
high-T, side. Strong population inversion thus occurs only within a 

narrow range of valaes  of ne and T, , and each t r ans i t i on  has its own 

reg ion of strong population inversion. 



Chapter I1 

rnROGI341C IONS 

1. INTRODUCTION - 

A hydrogenic ion is compsed of a s ing le  e lec t ron  orb i t ing  a nucleus 

o f  core charge Z ( i n  un i t s  of the  e lec t ron ic  charge e ) ,  Tnis orb i t ing  

electron is ca l led  the valence electron,  The core charge is the  t o t a l  

in tegra l  e l e c t r i c  charge acting on the valence e lec t ron  and, f o r  hydro- 

genic ions, it is equivalent t o  the  nuclear charge 2,. ?"nus fo r  H I ,  

neutral  hydrogen, Z = 1; fo r  H e  11, singly-ionized helium, Z = 2 ;  .., . 
The energy eigenstates  of  the  valence e lec t ron  with the  same value of 

t he  pr incipal  quantum nunber n but with d i f f e r e n t  values of the  azimu- 

t h a l  quantum number a r e  very near ly  equal, I n  t h i s  m r k ,  we can con- 

s ide r  them to  be equal without any l o s s  of general i ty .  The ground s t a t e  

quantum number is thus n = 1; the  f i r s t  excited s t a t e  quantm n m k r ,  

n = 2; ... . The energy e igens ta tes  of the  hydrogenic ions a r e  thus 

degenerate with respect  t o  the 1 -value s p l i t t i n g  of s t a t e  n and the 

s t a t i s t i c a l  weight of  l eve l  n is then given by 

The energy eigenvalue of t h e  valence electron i n  s t a t e  n is given by 



where E,, is grea te r  than zero. For hydrogenic ions, 

where h is Planck's constant,  c is the  ve loc i ty  of  l i g h t ,  and R is the  

Rydberg constant of the  ion t h a t  is being considered, I t  is given by 

(Her zberg , 194 4, p. 21 ) 

where R, is the  Rydberg constant of an i n f i n i t e l y  massive nucleus, m 

is the  mass of  the  e lectron,  and M is the  mass of the ion, Each ion 

then has its own Rydberg constant,  but the  difference between these for  

hydrogenic ions is a t  most only i n  the  f i f t h  s ign i f i can t  d i g i t .  W e  thus 

use for  a l l  hydrogenic ions 

where the Rydberg energy un i t  is defined by 

The energy level  diagram of hydrogen (H I )  is given i n  Fig.2.1. 



C O N T I N U U M  

F I G U R E  2.1 - ENERGY i E V E L  D I A G R A M  O F  T H E  HYDROGEN 
ATOM ( H  I )  . 
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2. RATE COEFFICIENTS - -  
The stationary states of a hydrogenic ion can be descri- 

bed exactly using the- ..methods of quantum mechanics. However, 

the interaction of a hydrogenic ion and a particle can 

only be t rea ted  approximately. The approximation is pa r t i cu l a r ly  good 

f o r  t h e  interact ion of a hydrogenic ion and a photon. Thus reasonably 

accurate values of t he  spontaneous t r ans i t i on  probabi l i t i es  and the  

rad ia t ive  recombination r a t e  coe f f i c i en t s  can be obtained within the 

physical conditions of  i n t e r e s t  t o  us. However, processes occurring by 

e lec t ron  impact a r e  very d i f f i c u l t  t o  t r e a t  and the approximations used 

have varying degrees of success depending on the  pa r t i cu l a r s  of  t he  col- 

l i s i on .  A consis tent  order of magnitude estimate of t he  e lectron impact 

ionizat ion,  exc i ta t ion ,  de-excitation, and three-body recombination r a t e  

coef f ic ien ts  can be obtained from most approximations, but the  ac tua l  

accuracy of a calculat ion depends on the par t icu la r  process considered 

and the par t icu la r  approximation used. 

A very l a r g e  amount of  work has  been done on the  calculat ion of 

hydrogenic r a t e  coeff ic ients .  A review of  t h i s  work is not  the  aim of 

our work and is not  necessary s ince  ce r t a in  spec i f i c  ca lcu la t ions  a r e  

preferred and used extensively i n  the  l i t e r a t u r e .  In the following sec- 

t ions ,  we consider those ca lcu la t ions  which we use i n  t h i s  mrk. 

3. SPUNTANEOUS TRANSITION PROBABILITY - 

W e  consider the  spontaneous t r ans i t i on  of an e lectron i n  a hydrogenic 

ion from an upper s t a t e  n t o  a lower s t a t e  n ' .  Within the electric 
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dipole  approximation, t he  Einstein probabi l i ty  coef f ic ien t  for  the  tran- 

s i t i o n  can be evaluated exactly,  and it is given by (Menzel and Pek- 

e r i s ,  1935): 

- a ~ i ~ e '  2 G,,r A,,, - m c 3  Vnnl x f n l t l l  

where *),, and d , , t  a re  the s t a t i s t i c a l  weights of  l e v e l s  n and n' r e s p e c  

t ive ly ,  0 .,,I is the frequency of the  photon emitted a s  a r e s u l t  of  the  

t r ans i t i on  and f,,, is the  absorption o s c i l l a t o r  s t rength fo r  the  

n' -> n t rans i t ion .  

The absorption osc i . l l a tor  s t rength is given by (Menzel and Pek- 

eris, 1935; Green e t  a l . ,  1957) : 

is the  hypergeometric function (Abrainowitz and Stegun, 1955, p.555) and 



If  a and b a r e  negative integers ,  t he  sum (2.9) is terminated and the 

hypergeometric function is then a polynomial, Let a = -i and b = -j 

where i and j a r e  pos i t ive  in tegers  and i & j; l e t  x 9 0; then eq, (2.9) 

becomes 

For la rge  values of  n' and n, eq. (2.11) is d i f f i c u l t  t o  evaluate 

s ince it is given by a sum of very l a rge  terms which a l t e rna t e  i n  s ign 

and which tend to  cancel one another. The value of the  sum is then 

sna l l e r  than the magnitude of  these very l a rge  terms, and s ign i f i can t  

l o s s  of accuracy can occur. Furthermore, s ince  the tm hypergmmetric 

functions of eq.(2,8) a re  very s imi la r ,  t he  dif ference of  the  square of 

these functions becomes very small a s  n' and n increases. An even 

g rea t e r  l o s s  of accuracy can then occur. For l a rge  values of n '  , n, and 

n-n', we thus  use the asymptotic formula (Menzel and Pekeris, 1935): 

d ~ e r e  g ,  the  Gaunt fac tor  for  the  n' -> n t r ans i t i on ,  is of  order unity, 

With g = 1, we obtain a value of f,,,,, off by ~ 2 5 %  and a value of 

f ,.,,, off  by ~ 3 % .  Tne accuracy of eq,(2.12) can be improved by 

using a be t t e r  estimate of the  Gaunt factor .  In Appendix E, we der ive  

an expression for  the Gaunt fac tor  which we use t o  evaluate the  absorp- 

t i on  o s c i l l a t o r  s t rengths  fo r  moderately high values of  n '  and n, and 



53 

any value of n-n' . Eq. (2.12) then g ives  an accuracy of 3s fo r  n-n' = 1 

and a t  l e a s t  4s fo r  n-n' t 2. 

m i s s i o n  o s c i l l a t o r  s t rengths ,  f ,_,, , a r e  a l so  occasionally used. 

They can be obtained from the absorption o s c i l l a t o r  s t rengths  from the 

r e l a t i on  

4. COLLISIONAL IONIZATION RATE COEFFICILXT - -- 

The cross-section fo r  ionizat ion of an atom or  ion by removal of an 

atomic e lectron from s t a t e  n by e lec t ron  impact has been t h o r o q h l y  

investigated by Drawin (1961, 1962, 1963, 1966). He has p ropsed  a 

semi-empirical expression which g ives  a good f i t  t o  the avai lable  e x p r -  

imental data ,  and which is proportional t o  An E / E  fo r  l a rge  values 

of  the  f r ee  e lectron k ine t ic  energy E a s  required by quant~sn mechanics 

(Massey and Burhop, 1952, p.14fl) . 
I 

The cross-section is wri t ten a s  

h e r e  I:= E:  is the  ionizat ion energy of  the  hydrogen atom in  its 

ground s t a t e ,  1, = E,  is the  ionizat ion energy of the  atom o r  ion i n  

s t a t e  n, U, = /=/I, is the  k ine t ic  energy of the  incident e lec t ron  i n  

inits of  t he  threshold energy fo r  ionizat ion from s t a t e  n ,  



IZRI is the  mean dipole  length on the z-axis for  the discrete-continu- 

ous t r ans i t i on ,  and a, and p, a r e  correct ion f ac to r s  of order unity. 

To obtain the  cor rec t  threshold law, (3, must be la rger  than 0.8. 

Drawin suggests t h a t  the  correct ion f ac to r s  be approximated by the  fol- 

lowing expressions : 

h e r e  Z,,, is the  nm.ber of equivalent e lec t rons  i n  s t a t e  n and 0.665 is 

a mean value for  low and medium principal  quantum numbers; 

where Z,ff denote? the  e f f ec t ive  charge of the  nucleus acting on the 

e lec t rons  i n  s t a t e  n; f o r  hydrogenic ions, £,gf = Z. The cross-section 

is then wri t ten a s  

h i c h ,  fo r  hydrogenic ions, becomes 

C ~ , ( K , ) = = X . ~ ~ T T ~ ,  - - ( 1 . 2  58. u.). . . . (2.19) 
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The r a t e  coef f ic ien t  is obtained by integrat ing the cross-section 

over the  f r e e  e lec t ron  ve loc i ty  d i s t r i bu t ion ,  f ( v ) :  

For a  Maxwellian ve loc i ty  d i s t r i bu t ion  of t h e  f r ee  e lectrons,  we have 

I n  un i t s  of  the  threshold energy f o r  ionizat ion from s t a t e  n,  

eq. (2.20) then becomes 

. . 
Subst i tut ing for  G, ( ~ n )  from eq. (2.19), eq. (2.23) can be wri t ten a s  



and T is i n  Kelvin. 

The evaluation of in tegra l  (2.25) is not  elementary. W e  rewrite 

eq. (2.25) by changing the var iab le  U, t o  x = 0, U, ; then 

Expanding the natural  logarithm, we obtain  

The f i r s t  in tegra l  is e a s i l y  evaluated: 

m e r e  E, (On) is the  e x p n e n t i a l  in tegral :  

This is a well known function for  which many ana ly t ica l  approximations 

a r e  avai lable  (Abramowitz and Stegun, 1965, p.228). Substi tuting 

eq. (2.29) i n  eq. (2.28) , we g e t  



These l a s t  tho in t eg ra l s  a r e  evaluated in  Appendix C: 

where c, ( e k )  = dx. 

Analytical approximations t o  function , ( , ,  a r e  a l so  derived i n  

Appendix C. Substi tuting for  eqs.(2.32) t o  (2.34) i n  eq.(2.31), we 

obtain 

a i c h  can be evaluated by ana ly t ica l  approximations. 

Since the exponential in tegral  E n )  can be evaluated t.9 an 

accuracy of 14s with approximations given by Cody and Tnacher (1968), 

the accuracy of G ( k, ,OR) depends on the  accuracy of the  approxima- 

t i ons  t o  ) . A s  given i n  Appendix C, ) can bc evalu- 

ated to  an accuracy of 4-Cis, depending on the valus of €3,. This is 

thus the  minimum accuracy of ( , 0 )  . For la rqc  values of 0,. 

where subs tan t ia l  cancel la t ions  may occur i n  the  terms 

C e - e " a - 6 n ~ , ( ~ n ) ]  and E, (8.) - On 6 [ ~ n . I l ,  



comparable accuracy can be obtained by evaluating the f i r s t  t e n  with 

the asymptotic expansion of E, ( x) (Abramowitz and Stegm, 1965, 

p.231); then 

Since the second term is of  order 

its e f f e c t  on the accuracy of G ( f n ,  9.) , compared t o  the f i r s t  t e n ,  

is minimal. It can be evaluated asymptotically with the  help of 

eq.(C.60). 

The accuracy of t he  ana ly t ica l  approximations t o  6 ( (3, , o h )  is 

thus b e t t e r  than 4s for  a l l  values of 6,. The accuracy of the  values 

of the  r a t e  coef f ic ien ts  calculated from eq. (2.24) thus d e p n d s  exclu- 

s ive ly  on the v a l i d i t y  of the  Drawin expression for  the  co l l i s iona l  ion- 

izat ion cross-section, eq. (2.14) . By adjusting the correct ion f ac to r s  

0(, and B., t h i s  expression can be made t o  agree c lose ly  with experi- 

ment (Drawin, 1961, 1962) . However, using the average values (2.16) and 

(2.17) for  these f ac to r s  r e s t r i c t s  the  accuracy of expression (2.18). 

For hydrogenic ions, the  accuracy should still be be t t e r  than a factor  

of 1.5 f o r  a l l  s t a t e s  n. 



5. COLLISIONAL EXCITATION RATE COEFFICIENT - 

The cross-section fo r  exc i ta t ion  of an atomic e lectron from a  lower 

s t a t e  n' t o  an upper s t a t e  n  by e lec t ron  impact can be evaluated with a  

semi-empirical expression proposed by Drawin (1963, 1966): 

where E,,, is the  exc i ta t ion  energy of the  n' -> n t rans i t ion ,  

is the  f r ee  e lec t ron  k ine t ic  energy in  un i t s  of the  threshold energy f o r  

exc i ta t ion  of the  n' -> n t r ans i t i on ,  I , ,  is the  d i p l e  length on 

the  z-axis for  the  n' -> n t r ans i t i on ,  and ~(U,,I,) is an appropriate 

function giving the cor rec t  asymptotic behavior of the  cross-section. 

Tne dipole  length can be wri t ten i n  terms of  f,,,,, the  absorption 

o s c i l l a t o r  strength foc the n' -> n t rans i t ion :  

With eq. (2.48) , eq. (2.38) then becomes 

Drawin p r o p s e s  t h a t  d i f f e r en t  functions 9( Un*n) be wed for  atoms 

and ions: 



h e r e  C(,,,, and a r e  adjustable parameters. Equations (2.42) and 

(2.43) r e f l e c t  the  f a c t  t h a t  a t  threshold, t he  exc i ta t ion  cross-section 

for  atoms is zero, whereas fo r  ions, i t  is f i n i t e .  Drawin suggests t h a t  

the  following values of the  parameters a,., and f,,, be used fo r  atoms: 

The expression (2.43) given for  ions implies t h a t  

for  ions. 

The r a t e  coef f ic ien t  is obtained by integrat ing the cross-section 

over f ( v ) ,  t he  f r ee  e lec t ron  ve loc i ty  d i s t r ibu t ion :  



Using the Maxwellian velocity distribution, eq. (2.21), and units of the 

threshold energy for excitation of the n' -> n transition, 

eq.(2.46) becomes 

Substituting for a,,,, (knI,)  from eq. (2.41) in eq. (2.48), we get 

where 

and T is in Kelvin. 

?he integral (2.50) has different forms for atoms and ions: 



One of these i n t eg ra l s  can be very e a s i l y  evaluated: 

The other  tw in t eg ra l s  involve the evaluation of 2 more general i n t g -  

r a l  : 

The function G (pa, 0,) obtained i n  the  evaluation of the  col1is ion~: l  

ionization r a t e  coef f ic ien t  is a special  case of t h i s  general in tegral :  

To evaluate the  general in tegra l  (2.55) , we thus  follow the  method m i c h  

was used t o  evaluate eq. (2.56) : s t eps  (2.25) to  (2.35). We then obtain 

the general solut ion 



The functions G ,\,,, and G i,, a re  then given by 

The accuracy of t he  function Dr(f . ln,  is the  same a s  t h a t  

of t h e  function G (f,, 0 , )  . ?m estimate of t h i s  accuracy can be 

obtained from the discussion of t he  accuracyof  G(+,,e,) given i n  

Section 4 of t h i s  chapter. m e  exc i ta t ion  r a t e  coe f f i c i en t s  should a l so  

have an accuracy comparable t o  t h a t  of the  ionizat ion r a t e ' coe f f i c i en t s :  

be t t e r  than a fac tor  of tw for  hydrogenic ions (see Section 4 of t h i s  

Chapter) . 

6. INVERSE PROCESSES AND DETAILED BALANCING - - - 

The co l l i s iona l  de-excitation and three-body recombination processes 

a r e  the  inverse of t he  co l l i s iona l  exc i ta t ion  and co l l i s iona l  ionizat ion 

processes respectively.  The r a t e  coe f f i c i en t s  of  each pa i r  of processes 

a r e  re la ted by the  pr inc ip le  of de ta i led  balancing. This pr inc ip le  
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s t a t e s  t h a t  under conditions of  thermodynamj.~ equi l  ibriurn, the  

d i f f e r e n t i a l  reaction r a t e s  f o r  each microscopic process and for  the 

corresponding inverse process a r e  equal (Mitchner and Kruger, 1973, 

p.80). I f  t he  f r e e  e lec t ron  d i s t r i bu t ion  function is b!axwellian, t he  

r a t e  coe f f i c i en t s  a r e  a l so  re la ted by the  requirements of  de ta i led  

balancing (Mitchner and Kruger, 1973, p.435). 

As an example of the  method, we consider react ions  of  the  type (Sea- 

ton, 1958b) 

A S + S  -7 A,, +- B . . . (2.60) 

sere qq and Ap represent p a r t i c l e  A i n  s t a t e s  q and p respectively,  

and B represents p a r t i c l e  B. We denote the  p a r t i c l e  dens i t i e s  by 

n ( A q )  r I ~ ( A ~ )  r and u\(B) and the r a t e  coef f ic ien ts  i n  the  

forward d i rec t ion  by Rq+ p and in the reverse d i rec t ion  by 
?"q ' 

Under thermodynamic equi l ibr iun,  these r a t e  coe f f i c i en t s  a r e  re la ted by 

the  de ta i led  balance r e l a t i on  

Combining eq. (2.61) and the Bol tmann r e l a t i on  

ve obtain the re la t ion  



between the r a t e  coeff ic ients .  

7. THREE-BODY RECOMBINATION RATE COEFFICIENT - 

The r a t e  coef f ic ien t  fo r  the  recombination of a f r ee  e lec t ron  i n  an 

atomic s t a t e  n with subsequent absorption of the  excess energy by a 

neighbouring electron,  o(,, (T) , is obtained by the  pr inciple  of 

de ta i led  balancing from the r a t e  coef f ic ien t  fo r  the  inverse process of 

ionizat ion by e lec t ron  impact, S, h) . The r a t e  coe f f i c i en t s  a r e  

re la ted by the  expression (Drawin, 1963) 

h e r e  U; is the  p a r t i t i o n  function of the  ion before recombination, 03, 

is the  s t a t i s t i c a l  w i g h t  of the  recombined electron in  s t a t e  n, and 

0, = 1, / kT . Recalling the Saha equation (1.17) , we can wri te  

Numerically, fo r  T i n  Kelvin and S ,  (T) i n  no's-', we obtain  

en 
A s  8, increases,  t he  e x p n e n t i a l  term e becanes very large,  and 

the ionization r a t e  coef f ic ien t ,  sn (T) , very m a l l .  The product of 

the t m  terms remains f i n i t e ,  but on a computer, it g ives  r i s e  t o  com- 
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pl icat ions (overflows and underflows) a i c h  can be resolved by 

multiplying the two terms algebraically. Substituting for  5, (T) 

from eq.(2.24) in eq.(2.66), we ge t  

Substituting for G ( k., Q,,) from eq. (2.35) , we obtain 

For large values of 8,, the functions E: (8.) and €:(en) can be 

evaluated accurately from thei r  asymptotic expansions. For €{(&,) 

we have (Abramowitz and Stegun, 1965, p.231) 

/ 
The function 0 )  for  large 0 ,  can be evaluated from the approxi -  

mations (C.58) and (C.60) given in Appendix C. 
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8. COLLISIONAL DE-EXCITATION RATE COEFFICIENT - 
The r a t e  coef f ic ien t  fo r  de-excitation of  an atomic e lec t ron  from an 

upper s t a t e  n t o  a lower s t a t e  n' by e lec t ron  impact, ( )  , is 

obtained by the  pr inciple  of de ta i led  balancing from the  r a t e  coeffi-  

c i e n t  fo r  the  inverse process of  exc i ta t ion  by e lec t ron  impact, 

C,,.,. (T) . The r a t e  coe f f i c i en t s  a r e  re la ted by the  expression 

(Drawin, 1963) 

For l a rge  values of e,,~,, the  product eedn C,I, (T ) is evaluated 

a lgebra ica l ly  a s  has  been done fo r  the  three-body recombination r a t e  

coeff ic ient .  Using e q ~ ~ ( 2 . 1 3 )  and (2.49), eq.(2.73) becomes 

where G ' ( c(n#n, f n c ,  

I 
Ran eqs. (2.58) and (2.59), t he  function G f n l n , G m I , )  has d i f -  

fe ren t  forms for  atoms and ions: 



0nen 

where Dr' C b 1 n 2  a) ' e D r  (/,I,, e n k ,  a).  ... (2.78) 

From eq. (2.57), 

For la rge  values of en',,, een* E, ( and eefltn E ,  ( a OnI,) 

a re  f i n i t e ,  and can be evaluated accurately  from t h e i r  asymptotic expan- 

sion. e '*In E, (a 8.8,) is given by (Abranlowitz and Stegun, 1965, 

p.231) 

en8 r\ e h I (a 8,t, ) for  l a rge  enh can be evaluated from eqs. (C. 58) and 

(C.60) given in  Appendix C. From eqs. (2.79) and (2.80), h7e note t h a t  

for  l a rge  en,, , eq. (2.77) becomes 

9. RADIATIVE RECOMBINATION RATE COEFFICIENT - -- 

The r a t e  coef f ic ien t  for  the  recombination of a f r ee  e lec t ron  i n  a 

hydrogenic atomic s t a t e  n with subsequent emission of  a photon of fre- 
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quency U is calculated from an approximation proposed by Seaton (1959) . 
The r a t e  coef f ic ien t  is obtained from the photoionization cross-section 

by the  pr inciple  of  de ta i led  balancing: 

*ere a, (0) is the  cross-section for  photoionization of a hydroqenic 

ion i n  s t a t e  n and a l l  other symbols a r e  a s  defined previously. The 

cross-section is given by 

h e r e  o( is the  f i n e s t r u c t u r e  constant,  z is the  k ine t ic  energy of 

the  ejected electron i n  Rydbergs, and gP ( n, t2 ) is the  Kramers-Gaunt 

factor ;  i t  is of order unity. From the energy conservation condition 

L O =  t Z (+  rt) Rydborgs . . . (2.84) 

and the  re la t ion  

and subs t i tu t ing  for  a,~u) from eq.(2.83), eq . (232)  b e ~ o n ~ e s  



w 

where /d. ( e n )  = Jo 
9n I n , & )  
/ + u, 

e- dun 

is the  k ine t ic  energy of the  ejected e lec t ron  i n  un i t s  of  the  threshold 

energy f o r  photoionization from s t a t e  n. Numerically, 

Putt ing the Kramers-Gaunt fac tor  equal t o  uni ty  i n  eq.(2.87) gives  

rise t o  e r r o r s  a s  l a rge  a s  20%. Ihe accuracy of (3, CT) is improved 

by using the asymptotic expansion of g x ( f i , 6 )  (Menzel arid Pek-, 

e r i s ,  1935; Burgess, 1958): 

Subst i tut ing eq. (2.90) in  eq. (2.87), we g e t  



I u ~  + 1 )  d 4 ,  

and 4 . 

These in t eg ra l s  can be expressed in  terms of  well-known functions: 

h e r e  El (x) is the  e x p n e n t i a l  in tegra l ,  and (f ( Q; C ; X )  is the 

confluent hypergeometric function (Abramowi t z  and Stegun, 1965, p. 503) . 

( I c ) is evaluated from the r e l a t i on  

( c - 1 )  (E( I ;  e ; x )  = r ( e )  xi - '  eX  - 4! c,; c ;  r )  ...( 2-98] 

h e r e  the s e r i e s  

converges fo r  a l l  f i n i t e  x. In the  l i m i t  of  l a rge  x ,  t he  asymptotic 

expansion 



is used. Eq. (2.98) is accurate for  m a l l  values of  x ,  and eq. (2.100) 

for  l a rge  values of x. For intermediate values of  x ,  both of  these 

equations loose t h e i r  accuracy: eq. (2.98) because the tm terms of  the  

r igh t  hand s ide  become very nearly equal a s  x increases, and eq.(2.100) 

because the asymptotic expansion becomes l e s s  and less accurate a s  x 

decreases. For these values of x ,  we evaluate (r ( 1 j c; r) from its 

in tegra l  representation (Abramowitz and Stegun, 1965, p.505) 

The in tegra l  is evaluated numerically with Simpson's 1/3 rule.  The 

integrat ion t o  z = co is truncated a t  z = 3PI, and the mesh is fixed a t  

1/15 (450 subdivisions of t he  range z = 0 t o  3m). 

The d i f f e r e n t  expressions used t o  evaluate (& (I i c ; x )  a r e  applied 

within the following ranges of x: eq. (2.98) for  x S 6, eq. (2.101) for  

6 < x < 15, and eq. (2.100) for  x 2 15. Tnese were obtained by evaluat- 

ing (f ( I ;  4/3 ; X )  t o  an accuracy of 65. In t h i s  way, t he  accuracy 

of I ; c j ) does not  a f f e c t  the  accuracy of p, (T )  . ?he accu- 

racy of the r a t e  coe f f i c i en t s  depends on the value of cj, ( n, c) used 

in eq. (2.87) . With the  asynptotic expns ion  (2.90) of 3= ( a, e ) , 

these a r e  not  i n  e r ro r  by more than 2% for temperatures of order 

10,000 K o r  less, but the  e r r o r  may be grea te r  for  temperatures of  order 

1,000,000 K. However, s ince  the  e r ro r  i n  



is estimated by Seaton t o  be of a b u t  10% fo r  (T/z') = 1,880,000 K ,  t he  

e r ro r  i n  P.(T) should not be grea te r  than 10% for  t h i s  value of 

(T/Z2) . 



Chapter I11 

THE LITHIUM-LIKE IONS C IV, N V, AND 0 VI 

1. INTRODUCTION - 

The Wolf-Rayet s t a r s  a r e  known t o  show strong emission l i n e s  of  C I V  

and also of isoelectronic  N V and 0 VI i n  t h e i r  spectra.  Varshni (1977) 

has discussed the p s s i b i l i t y  of  l a s e r  act ion i n  the  l i n e  C I V  X4650. 

It was thus  of i n t e r e s t  t o  ca r ry  out de ta i led  ca lcu la t ions  concerning 

possible l a s e r  act ion i n  the  emission l i n e s  of the  l i t h i m - l i k e  ions 

C IV,  N V, and 0 VI. 

A l i t h i m - l i k e  ion cons is t s  of th ree  e lec t rons  orb i t ing  a nucleus of 

nuclear charge Z, ( i n  un i t s  of the  e lec t ron ic  charge +e).  IMo of the 

e lec t rons  occupy the  closed lsZ s h e l l  while the  t h i rd  e lectron ( the 

valence electron)  o r b i t s  the  helium-like core  composed of t h i s  closed 

1s' s h e l l  and of the  nucleus. The core  thus  has  a charge Z = 2, - 2. 

More d e t a i l s  a r e  given on the f i r s t  s i x  l i t h i m - l i k e  ions i n  Tzib.3.1. 

The core-valence e lec t ron  system is very s imi la r  in  s t ruc tu re  t o  a 

hydrogenic ion. The d i f fe rences  t h a t  a r i s e  between the tw kinds of  

ions stem from the difference i n  s i z e  of the  cores: f o r  lithium-like 

ions, t he  core  has a f i n i t e  s i z e  while fo r  hydrogenic ions, i t  can be 

considered a s  point-like. 



Table 3.1 - The first six lithium-like ions. 

Notation 

Li I 

Be I1  

Charge 

Lio 

~ e +  

0 V J  

ZN 

3 

4 

05+ 

Z 

1 

2 

Description 

neutral 

singly-ionized 

8 6 ionized five times 



2. ENERGY EIGENVALUES - 
The f i n i t e  s i z e  of the  core causes a s p l i t t i n g  of the  energy l eve l s  

of the  lithium-like ions with respect t o  the  o r b i t a l  angular momentum 

quantun number 1 . This is i l l u s t r a t e d  i n  Fig.3.1 (Herzberg, 1944, 

p.61). The reason for  t h i s  s i t ua t ion  is bes t  visualized with t he  Bohr 

model of the  atom. Classical ly ,  a low angular rna~entun e lec t ron  passes 

c loser  t o  the  core than a high angular momentum electron.  Close t o  the  

core, the  e lectron experiences an e f f ec t ive  p t e n t i a l  which is d i f f e r en t  

from the Coulomb potent ia l  e f f ec t ive  a t  l a rge  dis tances  from the core. 

Consequently, f o r  a given pr incipal  quantum nmber n, s t a t e s  with d i f -  

ferent  values of  the  azimuthal quantm number 1 w i l l  have d i f f e r en t  

energy eigenvalues, espec ia l ly  a t  low values of n and A. 

In t h i s  wrk, we thus consider the s p l i t t i n g  of the  energy l e v e l s  

with respect t o  the quantum number 1, but neglect  t he  s p l i t t i n g  with 

respect t o  the magnetic quantum number. Then the 2s s t a t e  is the  ground 

s t a t e  of the  valence electron;  the  2p s t a t e ,  t he  f i r s t  excited s t a t e ;  

the  3s s t a t e ,  t he  second excited s t a t e ;  and so on, i n  order of increas- 

ing leve l  energy. The s t a t i s t i c a l  weight of l eve l  nJ! is given by 

We use the expr imenta l ly  observed and extrapolated t e n  values of the  

energy l e v e l s  compiled by Moore (1949), wherever available.  



FIGURE 5 .1  - ENERGY LEVEL DIAGRAMS O F  L I T H I U M  AND 
L I T H I U M - L I K E  IONS UP T O  0 V I  (HERZBERC, 
1 9 4 4 ,  P o 6 1  FROM THE DATA OF M O O R E  ( 1  949) . 



3. EFFECTIVE QUANTUM NUMBERS - 

Since l i t h i m - l i k e  ions a r e  s imilar  i n  s t ruc tu re  t o  hydrogenic ions,  

t h e i r  energy eigenvalues can be expressed a s  follows : 

where R is the  Rydberg constant of the  ion of i n t e r e s t  and n: is the  

e f f ec t ive  quantm number of s t a t e  n R .  The Rydberg constant is calcu- 

la ted with eq.(2.4), using the mass of the  most abundant isotops of the  

ion because the observed s p e c t r m  w i l l  be t h a t  of t he  most abundant iso- 

tope. We thus use the following isotopes i n  our calculat ions:  ':c IV,  

ih V, and ':o VI (abundances: 98.9%, 99.6%, and 99.8% respectively) . 
Using (Taylor e t  a l . ,  1969) 

we obtain  the  following Rydberg constants: 

TC9,, = lo?, 732. 2 9 5  2 0.011 cm-'; 
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From the  Rydberg constants and the values of  Ed given by 

Moore (1949), the  e f f ec t ive  quantum nunhers can be calculated from 

eq. (3.2). The values fo r  the  known l e v e l s  of C IV,  N V, and 0 VI a r e  

given i n  Tables 3.2, 3.3, and 3.4. In  general ,  the  e f f ec t ive  quantum 

numbers a r e  non-integral and lower than the corresponding hydrogenic 

values. The difference between the  hydrogenic in tegra l  value and the 

e f f ec t ive  non-integral value of the  quantum number is ca l led  the quantun 

defect  p: 

For the ions C IV, N V, and 0 VI, we have the  approximate values 

A s  can be seen from Tables (3.2) , (3.3) , and (3.4) , Fig. (3.1) , and 

eq. (3.6), the  quantum defec ts  a r e  la rger  a t  low values of  1, n, o r  Z. 

Ps 1 increases,  /*, tends t o  zero; a s  n increases, , ,  tends t o  a 

constant value; a s  Z increases,  4 tends t o  zero s ince the  core then P 
becomes point-1 i ke . 



Tab le  3.2 - Known e f f e c t i v e  quantum numbers of t h e  l e v e l s  o f  t h e  i o n  C I V .  

n 

2 

3 

4 

5 

6 

7 

8 

O r b i t a l  angu la r  momentum quantum number, a 

s 

1 .8371783 

2.8422841 

3.84381 2 

4.844427 

5.84375 

6.84073 

P 

1 .9630202 

2.9620656 

3.961 775 

4.96163 

5.96072 

6.95973 

7.96067 

d 

- 

2.9983746 

3.99801 3 

4.99777 

5.99757 

6.99631 

f 

- 

- 

3.999776 

4.99961 

5.99970 

6.99970 

7.99975 

9 

- 

- 

- 

4.99997 

5.99997 

6.99998 

8.00004 

h 

- 

- 

- 

- 

6.00000 

7.00G01 

8.00004 

4 



Table 3.3 - Known e f f e c t i v e  quantum numbers o f  t h e  l e v e l s  o f  t h e  i o n  N V .  

n 

2 

3 

4 

5 

6 

O r b i t a l  angu la r  momentum quantum number, a 

s 

1.8640328 

2.868511 

3.869731 

4.870395 

5.87112 

P 

1 .9671952 

2.9666473 

3.96631 0 

4.9661 08 

5.96622 

d 

- 

2.99551 4 

- _ _ _ I _ _ - _  

3.99801 8 

4.998295 

5.99841 

f 

- 

- 

5.99990 

9 

- 

- 

- 

6.0001 8 

h 

- 

- 

- 

- 

6.00022 



Table 3.4 - Known e f f e c t i v e  quantum numbers of t h e  l e v e l s  of  t h e  ion 0 VI. 

- 
n 

2 

r 

5 4.888460 4.9701 59 4.997989 - 

6 5.88873 5.9691 8 5.99760 5.99997 6.00024 6.00027 

7 6.88983 6.96771 6.99762 7.0001 3 7.00044 7.00044 

8 7.89011 7.96457 8.0014 8.00036 8.00069 8.00069 

b 

Orb i t a l  angular  momentum quantum number, a 

h 

- 

f 

- 

d 

- 

s 

1 .8831220 

g 

- 

P 

1 .9706202 
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The non-integral values of the  e f f ec t ive  quantum nmbers  a r e  due t o  

departures of  the  e f f ec t ive  potent ia l  acting on the valence e lec t ron  

from a Coulomb potent ia l .  The f i n i t e  s i z e  of the  core a l so  accounts fo r  

the  smaller-than-hydrogenic vaiues of the  e f f ec t ive  quantum numbers. As 

the  valence electron approaches o r  penetrates  the  core,  it is acted upon 

by an e f f ec t ive  core charge which is la rger  than 2. Since we e l e c t  t o  

keep Z constant,  t he  la rger  e f f ec t ive  core  charge becomes, in  the  con- 

t e x t  of eq.(3.2), an e f f ec t ive  quantum number which is smaller than the 

actual  in tegra l  value of the  quantum nmnber of the  s t a t e  considered. 

I t  is a l so  possible t o  explain the var ia t ion  of Pd with A, n, o r  Z 

by using s imilar  arguments. Valence e lec t rons  with low values of  1 

( A  = 0, 1) ac tua l ly  penetrate the  core, mese  s t a t e s  thus  have l a rge  

quantum defects.  Howver, a s  3 increases,  t h e  e lec t ron  does not  pene- 

t r a t e  the  core since,  i n  the  c l a s s i ca l  model of b h r ,  its o r b i t  becomes 

more c i rcu la r .  ( In  quantum mechanics, t he  probabi l i ty  of finding the 

e lectron within o r  c lose  t o  the  core becomes very small.) Thus pd 

approaches zero. Similarly,  a s  n increases,  t he  e l ec t ron ' s  dis tance 

from the core increases and pd consequently becomes smaller. However, 

s ince the extent  of the  penetration of  the  e lec t ron  within the core 

depends on R, penetration can still occur and ,p,~ does not approach 

zero, As Z increases,  the  core becomes .smaller and P n n  decreases. For 

Z -> 0 0 ,  t he  core becomes point-like and p approaches zero. I t  

should a l so  be noted t h a t  even though p tends t o  a constant value a s  

n increases,  p / n  tends t o  zero and the s t a t e s  thus  become more hydrc- 

genic a s  n increases. 



4, ENERGY LEVEL SCHEME - 

I n  view of these considerations,  the  simplified energy leve l  scheme 

depicted i n  Fig.3.2 is used in t h i s w r k .  For n 4  6, l e v e l s w i t h d i f -  

fe ren t  values a r e  considered' separately.  For higher values of n,  the  

data  on the  required cross-sections a r e  very scarce and the s p l i t t i n g  of 

the  energy l e v e l s  with respect t o  the L values becomes very small, 

Consequently, the following simplified scheme is adopted. For n = 7 ,  8, 

and 9, s s t a t e s  a r e  kept separate,  but other  1-value s t a t e s  a r e  lumped 

together in to  hydrogenic s t a t e s  which we denote by n < L >/ 1 > . Fo r 

n 2 10, t he  1-value s p l i t t i n g  is neglected altogether and a l l  angular 

momentum s t a t e s  a r e  combined in to  hydrogenic leve ls ,  

The labe l l ing  of the  various s t a t e s ,  a s  used in  t h i s  m r k ,  is indi- 

cated on the r i gh t  hand s ide  of the  l e v e l s  i n  Fig.3.2, The e f f ec t ive  

quantum nwbers  a r e  given in  Tab.3.5. The hydrogenic s t a t e s  obtained by 

combining the d i f f e r e n t  A-value s t a t e s  have been assigned in tegra l  

quantum numbers. ?he superscripted values of 4 have been obtained 

from various methods o f  interpolat ion o r  e x t r a p l a t i o n ;  a de ta i led  des- 

c r ip t ion  of  these is given i n  Section 9 of t h i s  Chapter. A l l  other 

e f f ec t ive  quantum nunbers have been obtained from the t ab l e s  of  term 

values given by Moore (1949). 





Table 3.5 - E f f e c t i v e  quantum numbers o f  t h e  
i ons  C I V ,  N V, and 0 V I  used i n  t h i s  work. 

a, b, c: as exp la ined i n  t h e  t e x t  



5. THE CR MODEL - --- 
The CR model must be modified to  account fo r  the  difference i n  struc- 

tu re  of  l i th iun-l ike and hydrogenic ions. To simplify t he  appl icat ion 

of the  theory developed in Chapter I, t he  same system of s t a t e  labe l l ing  

is used: the  ground s t a t e  (2s) is label led 1, the  f i r s t  excited s t a t e  

(2p) is label led 2, t he  second excited s t a t e  (3s) is label led 3,  and so 

on i n  order of increasing leve l  energy a s  indicated in  Fig.3.2. The 

der ivat ion of t he  equations of t he  CR plasma model for  l i t h i m - l i k e  ions 

then p a r a l l e l s  t h a t  given i n  Chapter I f o r  hyclrogenic ions. 

The t i m e  evolution of the  population dens i ty  of l eve l  p i n  'an opti-  

c a l l y  t h i n  plaLma is given by eq. (1.50) : 

m e r e  p and q a r e  s t a t e  labe ls ;  p = 1, 2, 3, ..., r; r is some high-ly- 

ing s t a t e  above h i c h  the  l e v e l s  a r e  i n  LTE; s is the  l a s t  bound s t a t e  

of the  ion (s > r ) ;  ne is the  f r ee  e lec t ron  density;  pp  is the  p p l l a -  

t ion  dens i ty  of l eve l  p normalized with the Saha equilibrium value of 

the  p p l l . a t i o n  density; Cq,g is the  e lec t ron  impact exc i ta t ion  r a t e  

coef f ic ien t  fo r  th;! q -> p t rans i t ion ;  Fp,? is the  e lectron impact 
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de-excitation r a t e  coef f ic ien t  for  the  p -> q t rans i t ion ;  is the  

Einstein probabi l i ty  coef f ic ien t  fo r  the  spontaneous rad ia t ive  t ransi-  

t i on  p -> q; Sp is the  e lectron impact ionizat ion r a t e  coef f ic ien t  fo r  

l eve l  p; ap is the  three-body recombination r a t e  coef f ic ien t  fo r  l eve l  

p; pp is the  rad ia t ive  recombination r a t e  coef f ic ien t  fo r  l eve l  p; and 

zp is proportional t o  the  Saha equi l  ibriun population dens i ty  of l eve l  

p and is given by eq. (1.17). 

The steady s t a t e  (SS) solut ion t o  the  set of coupled f i r s t  order dif -  

f e r en t i a l  equations (3.7) is obtained a s  i n  Chapter I, from 

where the dot  over P P denotes d i f f e r en t i a t i on  with respect t o  time. 

Howver, t he  quasi-steady s t a t e  (QSS) solut ion must be modified t o  

account for  the  m a l l  energy separation of the  ground and the  f i r s t  

excited s t a t e s  a s  compared t o  t h a t  of the  f i r s t  and the second excited 

s t a t e s .  A s  can be see; i n  Fig .3.1, t h i s  is pa r t i cu l a r ly  s ign i f i can t  for  

ions with la rge  values of Z such a s  C IV,  N V, and 0 VI. As a r e s u l t  of  

t h i s ,  the  p o p l a t i o n  densi ty  of t he  f i r s t  excited s t a t e  ( level  2 )  is 

very much la rger  than t h a t  of the  other  excited s t a t e s ,  and it may even 

be comparable t o  t h a t  of the  ground s t a t e .  Then one of the  v a l i d i t y  

conditions of the  CR model, condition (1.74), is not  val id .  

The (TSS solut ion is modified by using a method s imilar  t o  the one 

developed by Bates e t  a l .  (1962b) t o  describe hydrogenic plasmas opti-  

c a l l y  thick toward the l i n e s  of the  Lyman se r i e s .  The normalized popu- 
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l a t i o n  dens i ty  of l eve l  p is expressed a s  a function of the  ground and 

the f i r s t  excited s t a t e  population dens i t ies :  

where 3 5 p 4 r and r:) , , and rr) a r e  the p p u l a t i o n  coeff i- 

c i e n t s  of l eve l  p. The QSS so lu t ion  is obtained when the population 

dens i t i e s  of the  second and higher excited s t a t e s  a r e  i n  e q u i l i b r i m  

with the  p p u l a t i o n  dens i t i e s  of t he  ground and the f i r s t  excited s t a t e s  

which, i n  general ,  a r e  not i n  equil ibriun.  We then have 

Subst i tut ing the solut ion (3.9) in the  system of equations ( 3 . 7 ) ,  and 

using the l a s t  of  eq. (3.10), we obtain  a s e t  of equations of  the  form 

For a r b i t r a r y  values of p, and p, , t he  general solut ion of eq. (3.11) 

is 



We must also impose the limiting conditions corresponding to the values 

of p = 1, 2 and p > r on the population coefficients rp, 'p(l) , and 
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Eq.(3.15) has already been applied to derive the system of equations 

(3.7) . Using eqs. (3.12) , (3.13) , and (3.14) , we obtain three sets of 

r-2 equations h i c h  are solved for the population coefficients r:), 

' , and r )  respectively: 
P 

h e r e  



From the p p l a t i o n  coe f f i c i en t s  rp(~) , rp c'' , and r , the  ppu la -  

t i on  d e n s i t i e s  np can be calculated for  any value of M, and n, from 

*ere n; is the ionic density.  The time evolution of the  p p u l a t  ion 

d e n s i t i e s  of the  ground s t a t e  and the f i r s t  excited s t a t e ,  nt and n, 

respectively,  can be obtained by subs t i tu t ing  eq. (3.9) and tAle ppula-  

t i on  coe f f i c i en t s  rp(.), r:) , and in to  eq. (3.7) with p = ? and 

p =  2. We then g e t  the two coupled f i r s t  order d i f f e r e n t i a l  equations 



CR I + -  
f ie A,,, 

CR 
The coefficients 5 ,  , 3:' and &:', d:,' are similar to the hydrogmic 

collisional-radiative ionization rate coefficient SCR (eq.1.67) and 

recombj.nation rate coefficient (eq. 1.68) respectively. The coeff i- 
cR CR 

cients M,, and M,, have no hydrogenic counterparts. The collisional- 
c R 

radiative rate coefficient r\*, expresses the recombination which occurs 

in the ground state due to the neighbouriny first excited state and vice 
CR 

versa for the col.lisiona1-radiative rate coefficient M,, . 
Tne general solution of the coupled system of equations (3.23) can be 

written as 



where j = 1 or  2,  

The steady s t a t e  population dens i t ies ,  which are obtained i n  the  l i m i t  

a s  t -> oo , a r e  e x p l i c i t l y  given by 



The v a l i d i t y  of the  QSS solut ion is discussed extensively i n  Section 

4.1.h of Chapter I. 'Ihe conditions derived there in  need l i t t l e  modifi- 

cation for  lithium-like ions. l3ey w i l l  hold provided a l l  terms involv- 

ing s t a t e  1 a r e  replaced by terms involving s t a t e s  I and 2; i n  addit ion,  

any discussion of the  excited s t a t e s  should not include the f i r s t  

excited s t a t e .  

6. ADIABATIC COOLING OF THE PLASMA - -- 

The adiabat ic  expansion and subsequent cooling of a l i t h i m - l i k e  

plasna is described by eqs. (1.99) t o  (1.104) a s  derived for  hydrogenic 

ions i n  Section 5.3 of Chapter I. Due to  the s imi l a r i t y  of lithium-like 

and hydrogenic ions, t he  value of $ ( the r a t i o  of t he  spec i f i c  hea ts  a t  

constant pressure and volme,  eq.l.100) is taken t o  he 

although, a s  noted e a r l i e r  i n  Section 5.3 of Chapter I, t he  actual  value 

for  a plasna is lower than 5/3. me following parameters a r e  e l so  

assigned the same value a s  i n  Chapter I: the  cooling fac tor  & = 5; 

then the expns ion  factor  tG = 11.2; t he  i n i t i a l  densi ty  of e lmeri t  A 

(C, N, o r  0)  before expansion is 



7. MODEL CALCULATIONS - -  

The model ca lcu la t ions  describing the adiabat ic  cooling of a l i t h i m -  

l i k e  plasna must be modified to  account fo r  the r e l a t i ve ly  la rge  powla- 

t i on  densi ty  of the  f i r s t  excited s t a t e .  Since the  p p u l a t i o n  dens i t i e s  

of t he  excited s t a t e s  np, p = 3, 4, ..., r depnd  on the  population 

dens i t i e s  of t he  ground and the f i r s t  excited s t a t e s ,  both n, and nz 

must be specified t o  ca lcu la te  these. Using the model of House (1964) 

a s  done previously fo r  hydrogenic ions i n  Section 5.4 of Chapter I on1.y 

y i e ld s  the  sun of n, and q, , not  t h e i r  individual values. To cor rec t  

for t h i s  s i t ua t ion ,  t he  model calculat ions  m u s t  be car r ied  out as fol-  

lows. 

We assume t h a t  the  plasna is monatomic, unmagnetized, s ta t ionary  

(except for the expansion), and s p a t i a l l y  homogeneous. I n i t i a l l y ,  it is 

characterized by a densi ty  ng given by eq. (3.41) , a f r e e  e lectron den- 

s i t y  Y\", , and a temperature T:. We ca lcu la te  the ionizat ion e q ~ i l i -  

b r i m  of the  plasna with the  model of House (1954) and hence obtain  4. 
Assuming t h a t  the  plasna parameters have . been constant for  a siiffi- 

c i en t ly  long time, steady s t a t e  conditions w i l l  prevail  and the popula- 

t ion  dens i t i e s  of  the  l e v e l s  p w i l l  be given by the  steady s t a t e  solu- 

t ion  of the  system of equations (3.7) obtained from eq. (3.8) : 
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A t  t = 0, the  plasma is "instantaneously" cooled under adiabat ic  

expansion conditions by a fac tor  $ = 5. The v a l i d i t y  of t h i s  assump- 

t i on  is discussed i n  Section 5.4 of Chapter I. Immediately a f t e r  the  

cooling, the  plasna parameters a r e  given by 

The plasma then evolves toward the quasi-steady s t a t e  described by the  

CR model. This t rans ien t  s t a t e  of  the  plasma is not studied in  t h i s  

work due t o  its complexity. Once Q3S conditions have been established 

in the  plasma, the  plasma parameters ne , , ni , and fi  are o b t a i ~ e d  

a s  follcws: I t  is assumed t h a t  fit, T: , l-7: , n: , and n: do not 

change s ign i f i can t ly  during the t r ans i en t  s tage  of the  plasma. The val- 

i d i t y  of t h i s  assumption is discussed in  Section 4.1.h of Chapter I. 



From these parameters, t he  powla t ion  d e n s i t i e s  of the  excited s t a t e s  

np , p = 3, 4, . . . , r can be obtained from the QSS so lu t ion  of the  CR 

model given byeqs.(3.7) and (3.10) a s o u t l i n e d  in  Section 5 of t h i s  

Chapter. The analysis  of  the  inversely populated t r ans i t i ons  follows 

t h a t  given i n  Section 5.5 of Chapter I. 

8. THE - - RATE 

8.1. Available data  - - 

The r a t e  coef f ic ien ts  used in  eq.(3.7) a r e  evaluated from the data  

avai lable  i n  the  l i t e r a t u r e .  Howver, experimental da ta  a r e  scarce and 

we must thus  r e l y  almost exclusively on theore t ica l  calculat ions .  Quan- 

t u m  mechanical ca lcu la t ions  have been car r ied  out on most cross-sections 

involving the lower s t a t e s  2s, 2p, 3s, 3p, and 3d, and they should thcs 

provide r e l i a b l e  estimates of the  r a t e  coef f ic ien ts .  Howver, s ince  the  

degree of sophis t icat ion of the  quantum mechanical e f f e c t s  included in  

the  ca lcu la t ions  va r i e s  subs tan t ia l ly ,  the  accuracy of the  r a t e  coeffi-  

c i e n t s  is not  uniform. For higher s t a t e s  (n 3 4 ) ,  very l i t t l e  mrk has  

been done and the amount of da ta  t h a t  is ava i lab le  depends on the  par t i -  

cular physical process considered. The a v a i l a b i l i t y  of experimental and 

theore t ica l  data  is discussed more extensively fo r  each individual pro- 

cess i n  the  following Chapters. 
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8.2. General ca lcu la t ions  - - 
A very la rge  number of r a t e  coe f f i c i en t s  a r e  required i n  t h i s  mrk 

and most of them involve s t a t e s  with n z 4. Due t o  the lack of availa- 

b l e  data  on these s t a t e s ,  i t  is necessary t o  use data obtained from l e s s  

re1 iab le  methods of  ca lcu la t ion  o r  from re l a t i ve ly  simple general formu- 

l a s  when available.  However, only those formulas which yield  reasonable 

estimates of  the  r a t e  coe f f i c i en t s  a r e  used in  t h i s  w r k .  

Radiative processes a r e  ea s i e r  t o  deal with than co l l i s iona l  pro- 

cesses. Consequently, general formulas a r e  avai lable  f o r  the  calcula- 

t i on  of op t i ca l  cross-sections and they provide r e l i a b l e  estimates of 

these due t o  the r e l a t i ve ly  simple s t ruc tu re  of l i t h i m - l i k e  ions. Oa 

the  other  hand, few general formulas have been developed t o  ca lcu la te  

the  c o l l  i s ional  cross-sections. Most of t he  proposed formulas give 

unrel iable  r e s u l t s  and they a r e  thus not  used. Various methods have 

been devised i n  t h i s  mrk t o  ca lcu la te  the  co l l i s iona l  cross-sections 

and they a r e  considered in  d e t a i l  i n  the  following Chapters. A t  l a rge  

values of  n (n  3 l o ) ,  t h e  r a t e  coef f ic ien ts  should tend t o  the corres- 

pnd ing  hydrogenic values. Tnis provides a mean of estimating the r e l i -  

a b i l i t y  of t he  methods used. 

9. MTRAPOLATION OF THE QUANTUM DEFECTS - -- 

9.1. The Quantum Defect Theory (QM') -- - - 
W e  use the Quantum Defect n e o r y  fo r  two purposes: t o  ca lcu la te  the  

energy l e v e l s  of highplying l e v e l s  and t o  obtain  photoionization cross- 

sections.  Both of  these require knowledge of the  quantm defect: a t  
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low negative values of the  e l ec t ron ' s  energy f o r  the  former, and a t  

pos i t ive  values of t he  e l ec t ron ' s  energy f o r  the l a t t e r .  The QDT devel- 

oped by Seaton (1955, 1958a, 1966a, 1966b) provides the  bes t  method for  

extrapolating the known quantum defec ts  t o  the  continuum s t a t e s  of the  

valence electron.  The method should thus a l so  provide reasonable e s t i -  

mates of  t he  quantum defec ts  of high-lying l s v e l s  s ince these a r e  situ- 

ated between the continuum s t a t e s  and the low-lying l eve l s  of the  

valence e lec t ron  fo r  trhich experimental values of  the  quantum defec ts  

a r e  available.  

According to  the Quantum Defect Tneory, t he  e f f ec t ive  quantum nunbers 

n* s a t i s f y  t he  r e l a t i on  

T a n  ( r n f )  + R ( E , )  = O  

where the function %(€,,I is such t h a t ,  f o r  bound s t a t e s ,  

1 is the  o r b i t a l  angular momentum quantum nunber, and Y ( E , )  can be 

represented by an expansion of  the  form 



where c(, and p, a re  f i t  parmeters .  It is p s s i b l e  t o  introduce a 

function ) such t h a t  

P (e) is the  quantum defect  function; fo r  bountl s t a t e s ,  we wri te  

The solut ion of eq. (3.45) can then be wri t ten as  

For continuum s t a t e s ,  C becomes 

. where E is the  k ine t ic  energy of the  f r e e  electron.  For small values of 

E , ) is rela ted t o  the  phase A(&) of t he  continuum wave func- 

t i on  by 

The parameters b(, and g,, used in  eq.(3.49), a r e  determined by f i t -  

t i ng  them t o  the  avai lable  term values. For a given value of A, Sea- 

ton (1966b) recommends t h a t  we use the follpwirlg expansion of )'(&) : 



This insures  t h a t  yp (C ) remains bounded a s  15 -> 00 and t h a t  it has 

the  asymptotic behavior 

required by Seaton (1966b). The known values  of En a r e  f i t t e d  by a 

l e a s t  s w a r e s  method t o  the  expression 

and the f i t  parameters *; and @, a re  obtained from the ainimization 

conditions derived in Appendix D. 

m e  e x t r a p l a t e d  values of a r e  calculated from eq. (3.58) 

with eqs. (3.55) and (3.47). For bound s t a t e s ,  
P n k  

is obtained by an 

i t e r a t i v e  method: a f i r s t  approximation p.72 = 0 is subst i tuted in  the  

R.H.S. of eq. (3.58) by using eq. (3.48) and a b e t t e r  approximation 9 
is obtained from the L.H.S. of eq. (3.58). The procedure is repeated 

u n t i l  su f f i c i en t  accuracy is obtained. This method is used t o  obtain  

the quantum defec ts  of  the  8 s  and 9 s  s t a t e s  of  C I V  and the 9 s  s t a t e s  of 

N V and 0 VI. These values a r e  given with superscr ipt  "a" in  Tab.3.5. 

For C I V  and N V, they a r e  found t o  be i n  s a t i s f ac to ry  agreement wkth 

, 
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those calculated from the extrapolated term values given by Moore (1970, 

1971). For continuous s t a t e s ,  the  calculat ion of pL(6) a s  a function 

of E is obtained from eq. (3.58) in  a straightforward manner. /u,(c ) 

is used i n  the  calculat ion of the  photoionization cross-sections (see 

Chapter VIII) . 
The accuracy of the  extrapolated values of 

P g  
C&) is re s t r i c t ed  by 

the  nmber of term values t h a t  a r e  avai lable  t o  ca lcu la te  the  parameters 

M i  and Bm . As 1 increases, more term values a r e  required t o  obtain a 

uniform accuracy due t o  eq. (3.56) . Since only f i v e  t o  seven term values 

a r e  avai lable  for  each value of , t h i s  extrapolation procedure can 

only be used for  s and p s t a t e s .  The resul t ing f i t  parameters a r e  given 

i n  Tab.3.6. Using t h i s  method for  d s t a t e s  produces unrel iable  resu l t s .  

HoWver , pd ( E )  shows l i t t l e  var ia t ion  for  bound s t a t e s :  

0.002 c 6 0.004. Thevalue 
/14 

g.003 is thus a reasonable 

approximation for  a l l  continuum d s t a t e s .  

The f i t  parameters-of Tab.3.6 reproduce most of the  known s-state 

quantum defec ts  t o  a t  l e a s t  3-4s. The e x t r a p l a t e d  quantum defec ts  of  

the  bouncl s s t a t e s  can thus be expected t o  be of  comparable accuracy. 

For p s t a t e s ,  the  nunber of parameters equals the  number of known term 

values. This method of estimating the accuracy of the  e x t r a p l a t i o n s  

thus f a i l s .  However, an accuracy of 3-4s can a l so  be expected for  the 

extrapolated quantum defec ts  of the  bound p s t a t e s .  As is evident from 

Tab.3.7, t he  extrapolated quantum defec ts  of  the  continuum s and p 

s t a t e s  show l i t t l e  var ia t ion.  An accuracy of  a t  l e a s t  2-3s can be 

expected for  these e x t r a p l a t i o n s .  In a l l  cases  and for  a l l  values of 

1 , an e r ro r  of , 



can be taken a s  a reasonable estimate of t he  maxirnum uncertainty i n  the  

extrapolated quantum defec ts  of the  continuum s t a t e s .  

9.2. Graphical in terpolat ion - - 
The e f f ec t ive  quantun nmbers  of Tab.3.5 with the  superscr ipt  "b" 

have been interpolated graphical ly  from Fig.3.3. Graphical interpola- 

t i on  is used because not enouyh data  is avai lable  t o  use the Quantum 

Defect Theory. A s  can be seen i n  Fig.3.3, an e r r o r  estimate of 

on the  i n t e r p l a t e d  quantum defec ts  is reasonable. 

9.3. Approximate methods - - 
I n  Tab.3.5, t he  e f f ec t ive  quantum nunbers of  g and h s t a t e s  with a 

superscr ipt  "c" have been obtained from approximate methods due t o  the 

lack of data. m e  interpolat ion is performed by considering the f ,  g ,  

and h sublevels of  the  n = 5 and 5 l eve l s  of t he  ions C IV, N V, and 

0 VI. For C IV, a l l  the  term values of the  s t a t e s  a r e  known 

(Moore, 1949). For N V and 0 Kt, Moore (1949) gives  the  term values of 

the 6f and the combined 6g+6h leve ls ;  the  term values of t he  5f l e v e l s  

can be obtained by graphical  in terpolat ion (see Section 9.2 of t h i s  

Chapter). W e  thus have s u f f i c i e n t  data  t o  interpolate  these s t a t e s  by 
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applying the r e l a t i v e  spacing of the  l e v e l s  observed for  C I V  t o  N V and 

0 VI. 

In addit ion,  we a l so  separate the  6g and 6h l e v e l s  and obtain t h e i r  

term values from the term value of t he  combined 6g+6h leve l  given by 

Moore (1949). Even though the  energy s p l i t t i n g  of the  5g and 6h l e v e l s  

is very small, t h i s  is done t o  have a s  complete a descr ipt ion of the  

n S 6 s t a t e s  a s  possible. The average energy eigenvalue E, of a combi- 

nation of l e v e l s  nA is calculated from the individual energy eigenva- 

l ues  Ed according to  

where w, and 1;)d a re  the s t a t i s t i c a l  weights of l e v e l s  n and n& res- 

pectively. For the combined 6g+6h leve l ,  we thus  have 

Since the energy separation of l e v e l s  6g and fih, AEsg,ch , is very 

cn: 
small compared t o  Eb9 and E,h ( for  example, AEbg,&h = 0.5 an-' while 
c x  

E b g +  bh = 48,770.1 anm-') , we can put 



Table 3.6 - F i t  parameters used in eq. (3.55) f o r  the  s and p s t a t e s  of 
the  ions C I V ,  N V, and 0 V I .  

Sta t e  

s 

P 

Parameter 

a 

B 

a 

B 

a 

a 

a? 

B~ 

B? 

63 

a 0 

, a1 

" 2 

$1 

$2 

B3 

64 

0 V I  

3.59831 7x1 0-' 

2.639833~10' 

4.848220x102 

7.350781 x lo l  

1 .360768~1  o3 - 
2.971 403x1 o2 

7.77331 4x1 o ' ~  

1.055687~10 1 

2 . 0 3 0 7 9 7 ~ 1 0 ~  

1.224259~1 o2 

2.439660~1 o3 

3.337748~1 o3 

2 . 8 6 1 4 2 1 ~ 1 0 ~  I 

C I V  

5.354935~10" 

3.326334~10- I  O 

- 

-1 .303138x10-~ 

-2 .129844~10 '~  

- 

1.227365~10-I  

9.836635 

' 2 . 0 2 6 3 2 9 ~ 1 0 ~  

8.124956~10' 

N V 

4 . 2 4 6 5 4 5 ~ 1 0 ' ~  

1 .633376x101 

2.351 671 XI o2 

3.868594~10' 

5 .6113?1~10 

1 .235595x102 

1 .074347xl0-I  

9.988464 

2.180029~1 o2 

9.358949~10' 

1  .726849xl o3 

1.385593~1 o3 

- 1 . 8 1 7 1 6 4 ~ 1 0 ~  

2.093684~1 o3 

1 .477086~1 o3 

- 1 . 0 0 7 4 4 6 ~ 1 0 ~  



Tab le  3.7 - Values of  p ( ~ )  f o r  t h e  s and p cont inuum o f  t h e  i o n s  
C I V ,  N V, and 0 V I .  
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W e  est imate the  value of A €  cg,&4 fo r  N V and 0 VI by applying the 

c 9  C E  
r a t i o  A E,q,,h / E,g+Lk t o  these ions. W e  thus  obtain 

The e f f ec t ive  q u a n t a  n a b e r s  of the  6g and 6h s t a t e s  of N V and 0 VI 

can then be calculated from eqs. (3.64), (3.63) , (3.2) , and the term 

N 3  Oa 
values of Ebgtcoh and E,9,Lh given by Moore (1949). 

The e r ro r  on the quantum defec ts  is estimated by comparing the quan- 

tum defect  of apb9+,h with those of Apbg o r  A p b h  . We find t h a t  

the  e r r o r  cannot be grea te r  than 

A / U 6 g  o r  6 h  QL 2 0.00002, . . . (3.65) 

The smallness of  t h i s  value is due t o  the m a l l  energy separation of 

l e v e l s  6g and 6h. Tne e r ro r  on the  quantum defec ts  of the  5g l eve l s  of  

N V and 0 VI calculated by keeping the r e l a t i v e  s p l i t t i n g  of the  C IV, 

N V, and 0 VI f ,  g ,  and h l e v e l s  constant is obtained from the uncer- 

t a i n t y  of t he  5f quantum defect:  

The uncer ta int ies  a l so  depend on whether the  methods used i n  t h i s  Sec- 

t i on  a r e  appropriate. Comparison of the  quantun defec ts  of  the  f ,  g ,  
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and h l e v e l s  of C IV, N V, and 0 VI with one another and i n  par t icu la r  

r59 and p'cJ indicates  t h a t  the  interpolat ions  a r e  reasonable. 



Chapter I V  

C IV, N V, AND 0 VI: OSCILLATOR S-THS 

1. INTROWCTION - 

Most of the  data avai lable  on o s c i l l a t o r  s t rengths  have been obtained 

from theore t ica l  calculations.  A considerable amount of work has  been 

done on the  subject  and complete bibliographies a r e  available;  some of 

the  more recent ones have been pub1 ished by Glennon and Wiese (1966) , 

Miles and Wiese (1970), and Fuhr and Wiese (1971, 1973). Tnus, although 

a g r e a t  nunber of o s c i l l a t o r  s t rengths  is needed i n  our mrk, we should 

be able  t o  obtain a reasonably accurate s e t  of £-values. 

2. AVAILABLE DATA - 

The l a rge  vo lme of f-value da ta  ava i lab le  on lithium-like ions has 

been c r i t i c a l l y  evaluated by Martin and Wiese (l976a) . From t h i s ,  they 

have compiled t ab l e s  of  o s c i l l a t o r  s t rengths  fo r  the  2s -> np, 

2p -> ns, nd, 3s -> np, 3p -> ns, nd, 4s -> np, and 4p -> ns, nd (n  Q 7)  

spec t ra l  series of the  l i t h i m  isoelectronic  sequence (Martin and 

Wiese, 1976b) . 

Several types of systematic t rends and fundamental spectroscopic 

cons t ra in t s  have been applied t o  the  data:  

a .  Regular i t ies  fo r  individual t r ans i t i ons  along an isoelectronic  

sequence. From perturbation theory, t he  o s c i l l a t o r  s t rength can be 
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expanded i n  powers of the  inverse nuclear charge Z, t o  give 

(Weiss, 1963; Crossley, 1969) 

'O) 
is simply the  known hydrogen f-value; For l i t h i m - l i k e  ions, f,,+, 

$1 ( ~ l  
fnl+n and $*, a r e  parameters t h a t  can be found from the data.  

b. Regular i t ies  for  the  t r ans i t i ons  of a spec t ra l  se r ies .  For the 

case of the  hydrogen atom, the  o s c i l l a t o r  s t rength behaves a s  

along a spec t ra l  se r ies .  This behavior s e t s  i n  for  f a i r l y  small princi-  

pal  quantum nunbers, usually before n reaches' 10. Since the  energy of 

the  highly excited s t a t e s  of  the  lithium-like ions rapidly approaches 

t h e  hydrogenic value, t he  o s c i l l a t o r  s t rengths  of the  higher members of  

the  l i t h i m - l i k e  spec t ra l  s e r i e s  can be expected t o  follow eq.(4.2) for  

l a rge  n, provided n is replaced by the  e f f ec t ive  quantun nunber n* of 

c the  s t a t e .  

c. Requirement of cont inui ty  a t  the  ionizat ion l i m i t .  ?he absorption 

o s c i l l a t o r  strength for  the  n' -> n t r ans i t i on  (n' < n) can be wri t ten 

a s  
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*ere En,, is the  energy separation of l e v e l s  n' and n, ~ J , I  is the  sta- 

t i s t i c a l  weight of l eve l  n ' ,  and S,,,, is the  l i n e  s t rength of the  

n' -> n t rans i t ion .  A l l  quan t i t i e s  a r e  i n  atomic units.  Similarly,  f o r  

an ionizing t r ans i t i on  from a bound s t a t e  n' t o  a continuum s t a t e  of 

energy E, a d i f f e r e n t i a l  o s c i l l a t o r  s t rength can be defined a s  (Burgess 

and Seaton, 1960) 

where I,, is the  ionization poten t ia l  of s t a t e  n' and E is the  k ine t ic  

energy of the  e jected electron.  The cont inui ty  of df,l/d E across 

the  ionization l i m i t  has been shown t o  e x i s t  fo r  hydrogen (Marr and 

Creek, 1968). Marr and Creek  a l so  conclude t h a t  the  assumption of con- 

t i n u i t y  across the  ionization l i m i t  of  the  pr incipal  s e r i e s  of t he  alka- 

lies is jus t i f i ed  within experimental accuracy. The d i sc re t e  spectrum 

and the continuum a r e  connected through the re la t ion  (Martin and 

Wiese , 1976a) 

where Z is the  core chzrge of the  ion. It should be noted here t h a t  

eq. (4.5) is s t r i c t l y  t r u e  only when the  quantum defect  is constant 

within a s p c t r a l  se r ies .  

d. f sum rules. In  t h i s  case,  t he  most useful sum ru le  i s  the  par- 

t i a l  sum ru le  of  Wigner (1931) and Kirkwood (1932) i h i ch  s t a t e s  t h a t ,  

fo r  one-electron systems, the  sum over f of a spec t ra l  s e r i e s  
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n'.f!,' -> k'+ 1 (including its continuum and a l l  downward t r ans i t i ons ,  a s  

well a s  the  v i r t u a l  t r ans i t i ons  in to  occupied s t a t e s )  is given by 

and 

The one-electron model is a c lose  approximation t o  the  valence e lec t ron  

of l i th iun-l ike ions. The sun ru l e s  (4.6) and (4.7) can thus  be 

expected to  be accurate t o  within a few percent fo r  these ions. 

Tne resu l t ing  s e t  of o s c i l l a t o r  s t rengths  va r i e s  smoothly along the 

l i t h i m  isoelectronic  sequence and the spec t ra l  se r ies .  According t o  

Martin and Wiese, t h i s  s e t  of data  should be regarded a s  a highly accu- 

r a t e  one. 

Additional data can be obtained from the t ab l e s  of  Wiese e t  

a l .  (1966), an e a r l i e r  c r i t i c a l  data  compilation. Many of the  f-values 

given i n  these t ab l e s  a r e  the same a s  t he  ones given by Martin and 

Wiese (1975b) . Howver, Wiese e t  a l .  (1966) a l so  include o s c i l l a t o r  

s t rengths  fo r  some 58' -> 6 1 ,  6 1 '  -> 73 , and 78 '  -> 8 1  t rans i t ions ,  

Since these f-values have been calculated with the  Coulomb approximation 

of Bates and Damgaard (1949), Wiese e t  a l .  (1966) estimate t h e i r  accu- 

racy a t  la%. 



3. GENERAL CALCULATIONS - 

3.1. Introduction - - 

I t  is possible,  under ce r t a in  conditions, t o  ca r ry  out  general calcu- 

l a t i o n s  of o s c i l l a t o r  s t rengths  and thus obtain  any f-value t h a t  is 

needed. The absorption o s c i l l a t o r  s t rength for  the n'R' -> nR transi-  

t i on  is expressed in  terms of  the  l i n e  strength: 

S fill'* nC is i n  atomic un i t s  ( a? e2 ) . 
I f  LS-coupling is applicable,  and i f  the  t r ans i t i on  involves no equi- 

valent  e lectrons,  then the l i n e  s t rength can be separated a s  follows 

(Bates and Damgaard, 1949; Griem, 1961, p.48) :, 

S ( co re ,  ntA '  s L' J' core, n l  S L J) 

where n ' ~ '  SL'J' and n J! SW a r e  the  quantum nunbers of t he  valence elec- 

t ron i n  its i n i t i a l  and f i n a l  s t a t e s  respectively,  

A(%) = ( ~ ' s L ' - ~ L s L )  represents the  strength of the  mult iple t ,  and 

A(%)= /  ( s L ' J ' - ~ S I J )  the  r e l a t i v e  s t rength of t he  spec t ra l  l i n e  

within the mult iple t .  Tne nmer  i ca l  values of these f ac to r s  may be 

obtained from t ab l e s  given by Goldberg (1935, 1936), and White and Elia- 

son (1933) or  Russell (1936); t h e i r  e x p l i c i t  form is given i n  
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Griem (1964, p.48). The evaluation of  these f ac to r s  f o r  hydrogen is 

g r e a t l y  simplified i f  t he  mul t ip le t  s p l i t t i n g  is neglected. The l i n e  

s t rengths  a r e  then s m e d  over J and J', and the following expressions 

a r e  obtained (Condon and Shortley, 1935, p. 239) : 

The same expressions a r e  used t o  ca lcu la te  the  l i n e  s t rengths  of  t rans i -  

t i o n s  i n  the  l i t h i m - l i k e  ions, s ince mul t ip le t  s p l i t t i n g  is neglected 

and s ince these ions a r e  c lose ly  hydrogenic. 

The t r ans i t i on  in tegra l  O,,,llt-*nR is re la ted  t o  the  rad ia l  matrix el- 

nP 
ment f?,,ot by 

where 

2 
and F n t ~ 8 s n l  is i n  atomic un i t s  ( a$ e2) . R r = r / r is the  

normalized rad ia l  wave function of the  valence e lec t ron  i n  s t a t e  nB 

expressed in  atomic uni ts .  Different methods have been used t o  evaluate 
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the wave functions of the  l i th iun-l ike ions t h a t  a r e  needed i n  eq. (4.13) 

2 t o  ca lcu la te  O,,,P,,nL . For example, Varsavsky (1953) uses the  screening 

theory of Layzer (1959), Kelly (1964) uses the  S la te r  approximation t o  

the  Hartree-Fock method, and Leibowi t z  (1972) uses the  semi-empi r i c a l  

polar izat ion potent ia l  method of Caves and Dalgarno (1972). Unfortu- 

nately,  these methods a r e  of very l imited use s ince each t r a n s i t i o n  must 

be t rea ted  individually and the ca lcu la t ions  rapidly become unmanageable 

a s  n increases. 

3.2. Coulomb approximation - - 

3.2.a. Method of ca lcu la t ion  

A r e l a t i ve ly  simple method of general app l i cab i l i t y  is the  Coulomb 

approximation (CA) proposed by Bates and Darngaard (1949). It is based 

on the f a c t  t h a t  fo r  most t r ans i t i ons ,  t he  main contr ibut ion t o  the 

in tegra l  (4.13) comes from a region i n  which the deviation of t h e  poten- 

t i a l  of an atom or  ion-from its asymptotic Coulontb form is so m a l l  t h a t  

the  deviation can al together  be neglected and the p t e n t i a l  replaced by 

its asymptotic Coulomb form. This method gives  remarkably accurate 

r e s u l t s  for  simple systems such a s  a s ing le  e lectron outs ide a closed 

she1 1. 

In  a cen t r a l  f i e l d ,  the  function X q ( r )  used in  in tegra l  (4.13) 

s a t i s f i e s  the  d i f f e r e n t i a l  equation 



118 

where Vd is the  potent ia l  of the  atom o r  ion and Ed is the  energy of 

t he  s t a t e  nR . The poten t ia l  Vnl is replaced by its asymptotic Coulomb 

form 

where Z is the  core charge of t he  ion. Eq. (4.15) is used in  eq. (4.14) 

t o  g ive  

Using the e f f ec t ive  quantum nmber defined by 

the solut ion of  eq. (4.16) can be wri t ten a s  

vhere WQ,b()o is the Whittaker function, a par t icu la r  confluent h y p r -  

geometric function. For in tegra l  values of n*, , the  normalization fac- 

t o r  of function (4.18) is given by 
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Expression (4.19) provides an excellent approximation t o  the normaliza- 

t ion factor of function (4.18) for large, non-integral values of nY; 

however, fo r  lower non-integral values of nf , a correction factor of 

order unity given by Seaton (1966b) in h i s  Quantun Defect Theory (see 

Section 3 o f  Chapter VIII 1 should multiply expression (4.19). W e  w i l l  

not include t h i s  correction factor in  our m r k  since we use the CA for  

t rans i t ions  with large values of qX. 

The asymptotic behavior of the Whittaker function (4.18) is 

- - n* 
at at-, j t  LA (A+/) - (;'- t+ l ) ln* - t ) ] .  ...(4.2(3) 

Combining eqs.(4.18), (4.19), and (4.20), we can then write 



Eq.(4.21) is f i n a l l y  rewrit ten i n  the  form 

where 

A s imi la r  expression for  the  i n i t i a l  s t a t e  rad ia l  wavefunction is 

obtained upon replacing n, I, and t by n ' ,  A', and s respectively.  

me rad ia l  matrix element given by eq.(4.13) thus becomes 

This l a s t  in tegra l  is e a s i l y  evaluated from the general formula (Spie- 

ge l ,  1968, p.98) 

Thus eq. (4.23) bei-,>~nes 



This sum can be evaluated in  such a way t h a t  each successive term 

decreases u n t i l  a minimum term is reached, a f t e r  h i c h  each successive 

term increases indef ini te ly .  This is the  cha rac t e r i s t i c  behavior 0 f . a  

ce r t a in  type of asymptotic expansion. In the  case of expansion !4.25), 

the  sum is terminated with the  term preceding the minimun one; we labe l  

t h i s  t e n  F. The e r ro r  i n  the  sum is then numerically smaller than the 

magnitude of the  f i r s t  neglected term of t he  sum, the  minimum term P+l 

(Olver, 1974, p.2; Rainvil le,  1960, p.35). 

On the  other  hand, Bates and Darngaard (1949) terminate the  sum (4.25) 

by using a physical argument. In the  sum over the integral  of 

eq. (4.23), we neglect  those terms f o r  which the  p w e r s  of Zr a r e  l e s s  

than 2, because the main contribution from these terms comes from 

regions c lose t o  the o r ig in  h e r e  the  CA does not  necessar i ly  hold and 

h e r e  the use of asymptotic expansions is not  val id .  We thus neglect  

those terms of eq. (4.25) for  vhich 

The range of allowed values of  s+t is thus 

0 r s c t  ?,, 

the integer pa r t  of (n'*+ns-1). 
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In te res t ing ly  enough, we f ind t h a t  the  l i m i t  ?,, e i t h e r  corresponds 

exact ly  t o  the l i m i t  P o r  is very c lose  t o  it. In a l l  cases,  we have 

In  our work, we w i l l  use the  l i m i t  P obtained by terminating the asymp- 

t o t i c  expansion mathematically because the sun evaluated i n  t h i s  manner 

nL 
is more accurate, and the e r r o r  in  the  value of RntLt is a l so  obtained. 

me summation of eq. (4.25) 

is now simplified by making use of the  following transformation (Rain- 

v i l l e ,  1960, p.56): 

Expression (4.38) thus becomes 

Equation (4.25) can thus f i n a l l y  be rewri t ten a s  



We use eqs. (4.33) t o  (4.37) t o  evaluate the  o s c i l l a t o r  s t rengths  of the  

t r ans i t i ons  t h a t  a r e  not covered in  the  t ab l e s  of Martin and 

Wiese (1976b) or  Wiese e t  a l .  (1966) . 

3.2.b. Accuracy 

The e r ro r  i n  the  o s c i l l a t o r  s t rengths  calculated with the Coulomb 

approximation is usually estimated to  be ~ l @ %  for simple t r ans i t i ons  

with low values of n (Wiese e t  a l . ,  1966; Crossley, 1969). Howver, 

s ince highly accurate values of the  o s c i l l a t o r  s t rengths  of the  lithium- 



l i k e  ions a r e  avai lable  for  low values of n (Martin' and Wiese, 1976b), 

it is possible t o  compare these with the  f-values calculated from the CA 

t o  obtain a be t t e r  estimate of the  accuracy of the  method a s  used i n  

t h i s  mrk .  Except fo r  a few cases,  a l l  o s c i l l a t o r  s t rengths  calculated 

with the CA a r e  found to  be systematically lower than the  corresponding 

values of Martin and Wiese (1976b). In most cases,  f o r  n Q 7, the  d i f -  

ference between the  tm s e t s  of f-values is less than 15% for  s-p tran- 

s i t i o n s ,  with a maximum value of ~ 2 5 % ,  and less than 5% for  p-d t ransi-  

t ions .  

A t  l a rger  values of n,  t h e  e r r o r  i n  the  o s c i l l a t o r  s t rengths  

increases due t o  the  f a c t  t h a t  fhl,, is proportional t o  both the  tran- 

s i t i o n  in tegra l  On,,, and the energy separation En,, of  the  s t a t e s  n' 

and n, and both these quan t i t i e s  then have f a r  g rea te r  uncer ta in t ies  

2 .  
than a t  low values of n. The e r r o r  i n  On,,, increases because the CA 

becomes l e s s  accurate due to  the  l a rge  number of operations t h a t  must be 

performed to  evaluate eq. (4 .33)  and due t o  the  resul t ing lo s s  of signi-  

f i can t  d i g i t s  through truncation.  This s i t ua t ion  is fur ther  complicated 

by the  f a c t  t h a t  the pos i t ive  and negative p a r t s  of  the  t r ans i t i on  

in tegra l  G,I,, almost exact ly  cancel each other.  The energy eigenva- 

lues  of the  higher s t a t e s  a r e  not known and they must thus be extrapo- 

la ted from the data avai lable  on lower s t a t e s  (see Section 9 of Chapter 

111). Consequently, t he  e r ro r  i n  E,ln is much la rger  for  t . ransi t ions  

involving high-lying quantun s t a t e s ,  espec ia l ly  i f  the  energy separation 

of s t a t e s  n' and n is small. 
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Since the  e r ro r  i n  the  o s c i l l a t o r  s t rengths  of  the  t r ans i t i ons  t o  

n 3 8 s t a t e s  is thus dependent on individual t rans i t ions ,  no simple num- 

e r i c a l  estimate of the  e r r o r  can be given. However, a f t e r  t h i s  work was 

completed, t a b l e s  of o s c i l l a t o r  s t rengths  E r e  pub1 ished by Lindg$rd 

and Nielsen (1977) with which the  f-values calculated from the CA can be 

compared. The ca lcu la t ions  of  Lindg:rd and Nielsen (1977) were car r ied  

out with a numer ica l  Coulomb approximation (NCA) in which the  wave func- 

t i ons  used i n  eq.(4.13) a r e  evaluated numerically from eq.(4.14). The 

CA and NCA r e s u l t s  agree t o  within 25% for  s-p t r ans i t i ons ,  5% for  p d  

t rans i t ions ,  with a maximum of 1 ~ 2 5 %  for  smaller values, and a few per- 

cent fo r  d-f t r ans i t i ons ,  with a maximum of ~ 5 %  for  smaller values. 

The differences  between the o s c i l l a t o r  s t rengths  of An = n - n' = 0 

t r a n s i t i o n s  calculated with the  CA and the NCA a r e  however much la rger ;  

the  f-values may d i f f e r  by a s  much a s  a factor .  of three.  Howver, Bates 

and Danlgaard (1949) mention t h a t  the  CA g ives  r e l i a b l e  r e s u l t s  fo r  very 

small An t r ans i t i ons ,  fo r  h i c h  very l i t t l e  cancel la t ion of the  psi- 

t i v e  and negative p a r t s  of the  in tegra l  G,,,, occurs. The l a rge  d i f -  

ferences between the f-values must thus  be due almost e n t i r e l y  t o  the  

uncertainty i n  the energy of these s t a t e s ,  e s p c i a l l y  s ince the energy 

separation be twen them is very small. That t h i s  is indeed the case can 

be shown by calculat ing the o s c i l l a t o r  s t rengths  of the  Avl = 0 t rans i -  

t i o n s  with a method d i f f e r en t  from the CA. Equation (4.43), which is 

derived fur ther  on i n  t h i s  Chapter, is independent of t he  CA; t he  only 

extrapolated quant i ty  on h i c h  it depends is the  energy separation of 

the  s t a t e s .  me f-values calculated from it a r e  in  c lose  agreement with 

those obtained from eq. (4.33) of the  CA. The uncer ta int ies  i n  the  
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energy eigenvalues of  high-lying quantum s t a t e s  thus  s ign i f i can t ly  

a f f e c t  the  o s c i l l a t o r  s t rengths  of t r a n s i t i o n s  etween s t a t e s  of small 

energy separation. 

As a general rule ,  we observe t h a t  the  o s c i l l a t o r  s t rengths  of tran- 

s i t i o n s  involving s s t a t e s  calculated with the  CA have much la rger  . 
uncerta int ies  than those involving p, d,  and higher 1-value s t a t e s .  

The reason for  t h i s  behavior is t h a t  the  wave functions of s s t a t e s  have 

an antinode close t o  the  or ig in ,  whereas the  wavefunctions of 4 3 p 

s t a t e s  a r e  qu i te  unimportant a t  m a l l  rad ia l  dis tances  (Bates and Dam- 

gaard, 1949). Since the  CA includes only contr ibut ions  t o  the  t rans i -  

t i on  in tegra l  En#,, coming from the wave functions a t  l a rge  rad ia l  dis-  

tances, t he  f i n i t e  value of t he  s s t a t e  wavefunctions c lose  t o  the 

o r ig in  is neglected and the resu l t ing  o s c i l l a t o r  s t rengths  thus have 

grea te r  uncertainties.  

3.3. Hydrogenic values - - 

3.3.a. Method of calculat ion 

A s  A increases,  t he  l i t h i m - l i k e  s t a t e s  become more hydrogenic and 

the o s c i l l a t o r  s t rengths  tend to  the  hydrogenic values, a s  can be seen 

i n  Fig .4.1, 4.2, and 4.3. Consequently, f o r  t r ans i t i ons  from s t a t e s  

with A' 3 f ,  t he  o s c i l l a t o r  s t rengths  a r e  calculated with the  simpler 

hydrogenic expression (Green e t  a l . ,  1957): 



F I G U R E  4 .1  - A B S O R P T I O N  O S C I L L A T O R  S T R E N G T H S  OF T H E  
2s-rnp TRANSITIONS OF c IV AND HYDROGEN 

ln 
.4 - 
0 

0 
rt - 
0 

V )  
M 

M *- 
co 
t 
3 -  
40 

.M 

d- 
t- 
C3 
Z .  
W 
E m  
I-OJ 

rnd- 
LY: 
a 
e- . 
( 0  
JOJ 
-I '- 
u o  
0 
V) 
a m  
zm 
0 7- 
u a  
I- 
a 
0 

A 

)( 

X 

0 0  
m: 
( 0  

tn 
0 - 
0 

0 
0 

om 2: 

- 
00 3). 0 0 4l. 00 5l. 00 6'. 00 7l. 00 8'. 00 9'. 00 

P R I N C I P A L  Q U A N T U M  N U M B E R . n  



F I G U R E  4 . 2  - A B S O R P T I O N  O S C I L L A T O R  S T R E N G T H S  OF THE 
3 p w d  TRANSITIONS O F  C I V  AND HYDROGEN. 

==s 
0 ., 
u o  
l- 
a 
e a 

a 

m 7- 
( 0  

> 

0 
0 

c 

, H I 

Qoo - 
n 

4'. 00 5l. 00 6'. 00 7l. 00 8'. 00 9l.00 r7b.~~ 
X 

P R I N C I P A L  QUANTUM N U M B E R , n  



F I G U R E  4 . 3  - A B S O R P T I O N  O S C I L L A T O R  S T R E N G T H S  O F  THE 
4d-tn.f T R A N S I T I O N S  O F  C  I V  AND HYDROGEN. 

- 
0 

0 
QD - 
0 

0 

2 :- 
t 

2 .  
-0 
.a 

x 6- 
I- 
C3 
Z .  
W 
wo 
I--v, 

c"d- 
nc 
0 
t-• 

5: 
-I *- 
uo 
0 
V) 
0 .  

sf- 
HO 
t- 
a 
0 . 5 .  
0 
cno 
my- 
( 0  

0 - - 
0 

0 
0 

* 

I I .  
I I\ K 

Oz.00 * 5l. 00 6'. 00 7l. 00 8'. 00 9! 00 1b.00 
- 1  

1 1  
P R I N C I P A L  QUANTUM t4UMBER.n 



138 

nl 
where RfitA, is given by eq.(4.13), Z is the  core charge, and 1, is the  

maximum value of 2' and 1 .  Since the  hydrogenic rad ia l  wavefunctions 

a r e  known exactly,  t he  in tegra l  (4.13) can read i ly  be evaluated and, i n  

the  general case, is given by the  closed expression (Gordon, 1929): 

where ,F, (a,b; c; x) is the hypergeometric function 

and the quantum nmber n is associated with the  s t a t e  with t he  l a rges t  

1-value ( i n  eq.4.39 only) . 

For A n  = 0 t r ans i t i ons ,  a d i f f e r e n t  expression is used t o  ca lcu la te  

{R$} '  (Rethe and S a l p t e r ,  1957, p.263): 

The o s c i l l a t o r  strength is then given by 



where nat and nl a re  the pr incipal  quantum numbers associated with the  

n l '  and n l  s t a t e s  respect ively and the expression ( t/n; - 1 ) is 

re la ted  to  the energy separation between the  tw s t a t e s .  For hydrogen, 

t h i s  energy separation is theo re t i ca l ly  zero and the corresponding 

o s c i l l a t o r  strength is a l so  zero. Homver, the  energy separation of the  

n ~ '  and nA s t a t e s  of l i t h i m - l i k e  ions is f i n i t e  and the o s c i l l a t o r  

s t rength of the t r ans i t i on  thus has a non-zero value. The actual f-va- 

lue  can be evaluated from eq. (4.42) provided and np a r e  replaced by 

t h e i r  corresponding e f fec t ive  quantum nlmbers n: and fi; respectively. 

We then have 

We use t h i s  expression t o  estimate the  o s c i l l a t o r  s t rengths  of the 

nk' -> nQ , A ' )  f t r ans i t i ons  of C IV, N V, and 0 VI. 

3.3.b. Accuracy 

In Tab.4.1, the  o s c i l l a t o r  s t rengths  of  some Av\ = 0 s -> p and 

p -> d t r ans i t i ons  with low values of n calculated from eq. (4.43) a re  

compared with the c r i t i c a l l y  evaluated values of  Martin and 

Wiese (1976b). In most cases,  the  r e s u l t s  agree t o  b e t t e r  than ID%; 

eq. (4.43), when applied t o  nA' -> n k  , 1' 3 f t r ans i t i ons ,  can thus be 

expected t o  be Inore accurate than t h i s  value i f  the  e f f ec t ive  cpantum 

numbers of  the  s t a t e s  a r e  w e l l  known. Otherwise, a s  mentioned previ- 

ously, the  accuracy of these f-values is limited by the  accuracy with 

which the  energy separation of t he  tw s t a t e s  is known. 



Table 4.1 - Comparison o f  t h e  o s c i l l a t o r  s t reng ths  o f  some ~ n = o  t r a n s i t i o n s  
c a l c u l a t e d  from eq. (4.43) w i t h  t h e  values g iven  by M a r t i n  and Wiese (1976b). 

Top value: f rom M a r t i n  and Wiese (1976b) 
Bottom va l  ue: c a l c u l a t e d  f rom eq. (4.43) 

Tran- 
s i  t i o n  

2 s+2 p 

3s+3p 

4 s 4 p  

3p+3d 

4p+4d 

i 

, 

I on 

C I V  

0.286 

0.331 

0.481 

0.529 

0.68 

0.71 

0.0623 

0.0619 

0.117 

0.111 

N V 

0.235 

0.264 

0.393 

0.427 

0.54 

0.58 

0.0544 

0.0541 

0.103 

0.096 

0 V I  

0.199 

0.220 ----- 

0.335 

0.357 

0.45 

0.49 

0.0481 

0.0483 

0.091 

0.086 

H I 

0 

0 

0 

0 

0 
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On the other  hand, t he  accuracy of the  osc i l l a to l r  s t rengths  of the  

nlRt -> nL t r ans i t i ons  obtained from the corresponding hydrogenic 

values with eqs. (4.38) and (4.39) depends on how close t o  hydrogenic the 

n  and nB s t a t e s  are.  For the  1' 2 f s t a t e s ,  t h i s  is a  reasonab1.y 

good approximation and an accuracy of 2-3s can be expected in  the  osci l -  

l a t o r  s t rengths  involving these s t a t e s .  

4. TRANSITIONS INVOLVING AVERAGE STATES - 

The o s c i l l a t o r  s t rengths  of t r ans i t i ons  involving average s t a t e s  can 

be obtained from the o s c i l l a t o r  s t rengths  of t r ans i t i ons  between indivi- 

dual s t a t e s  by using summation rules .  These a r e  derived from the f a c t  

t h a t  the l i n e  strength of a  group of l i n e s  equals t he  sum of the  l i n e  

s t rengths  of the  individual l i n e s  comprising the group (Wiese e t  

a l . ,  1956): 

The r e l a t i on  between the o s c i l l a t o r  strength and the l i n e  s t rength of an 

absorption l i n e  is 

WRk~ is the s t a t i s t i c a l  m i g h t  of l eve l  nlP' , UnlAa+nL is the  frequency 

of the  l i n e  emitted during the n ' ~ '  -> nA t r ans i t i on ,  and the other  
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symbols have t h e i r  usual meaning. In most cases,  i f  the  s p l i t t i n g  of 

the  l e v e l s  due t o  the d i f f e r en t  1-values is not too la rge ,  we can put 

Consider a n'a' -> n t rans i t ion .  From eq. (4.45) , we can write 

&ich, from eq.(4.44), a l so  equals 

subs t i tu t ing  from eq.(4.45), eq.(4.49) b, 

Thus i f  we equate r e l a t i ons  (4.48) and (4.50), we g e t  the  summation ru l e  

and using eq. (4.47) , we obtain 

Similarly,  fo r  the  n' -> nk t r ans i t i ons ,  we obtain 



and, fo r  the  n' -> n  t r ans i t i ons ,  

5. RESULTS - 

The f i n a l  s e t  of o s c i l l a t o r  s t rengths  fo r  a l l  allowed t r ans i t i ons  

possible between a l l  l eve l s  which a r e  relevant t o  t h i s  w r k  is given i n  

Tables 4.2, 4 . 3 ,  and 4.4 f o r  the  l i t h i m - l i k e  ions C IV, N V, and 0 VI 

respectively,  and i n  Tab. 4.5. 







Table 4.2 - continued 
n '+n transition 

Power of ten is given in parenthesis 

r 

- 
C 

w 
w 
a .  
w 
V) 

7 

- 
final state n 

7 (131) 

8 <1>,1> 

9 < r 3 , ,  

3d 

4 d 

5 d 

6d 

4 f 

-0.843 
(-2) 

-0.294 
(-2) 

-0.128 
(-2) 

1.02 

0.279 
(-2) 

-0.128 
(-1 

-0.228 

.? . a (-2) 

5f 

-0.334 
(-1 1 
-0.943 
(-2) 

-0.366 
(-2) 

0.157 

0.995 

0.533 
(-2) 

-0.334 

C, 
-7 

t 
-r 

( -1 (-2) 

6 f 

-0.164 

-0.277 
(-1 

-0.864 
(-2) 

0.542 
(-1 1 

0.186 

0.837 

0.863 

59 

-0.373 
(-1 

-0.848 
(-2) 

-0.290 
(-2 1 

6g 

-0,277 

-0.378 
(-1 

-0.105 
(-1 

6h 

-0.451 

-0.375 
(-1 

-0.816 
(-2 



Table 4.2 - cont inued 

n'+n t r a n s i t i o n  

Power o f  t e n  i s  g iven  i n  paren thes is  







Table 4.3 - cont inued 

n'+n t r a n s i t i o n  

Power o f  t e n  i s  g iven  i n  paren thes is  

- 
s 

aJ 
C, 
a 
C, 
in 

P 

a ,  
.I-- 

C, 
.r 
s 
.r 

4 f 

-0.843 
( -2 )  

-0.293 
(-2 

-0.127 
( -2 )  

1.02 

0.281 
( -2)  

-0.127 
(-1 1 

-0.226 
(-2 

-1.05 

-0.142 

7<n3 I> 

8 < i t l >  

9 < l ' k  I) 

3d 

4d 

5d 
& 

6d 

4 f 

5 f  

6 f  

5 g 

69 

6h 

5 f 

-0.333 
( -1 

-0.943 
( -2  

-0.366 
( -2  1 
0.157 

0.886 

0.440 
( -21  

-0.332 
( -1  1 

-0.360 
( -3 )  

-0.925 

f i n a l  

6 f  

-0.1 64 

-0.278 
( -1  1 

-0.864 
(-2) 

0.542 
(-1 

0.186 

0.839 

0.606 
( -2 )  

0.738 
( -2 )  

-0.667 
( -3)  

- 

s t a t e  n - 
5g 

-0.373 
( -1  1 

-0.848 
( -21 

-0.290 
( -2 )  

1.35 

0.463 
( -3 )  

-0.949 
( -2 )  

-q .37 

6 9 

-0.277 

-0.378 
(-1 1 

-0.105 
(-1 1 

0.182 

1.19 

0.857 
( -  3 1 

-0.5 
(-4 

6h 

-0.451 

-0.375 
(-1 

-0.816 
(-2) 

1.68 

0.6 
( -4  

. 



Table 4.3 - continued 

Power of ten is given in parenthesis 

2 s 

3s 

4 s 

5s 

6 s 

7s 

8s 

9 s 

2 P 

3 P 

4P 

nl+n transition 

- 
10 

0.300 
(-2) 

0.534 
(-2) 

0.901 
(-2) 

0.150 
(-1 1 
0.260 
(-1 ) 

0.494 
(-1 1 

0.113 

0.388 

0.419 
(-2) 

0.848' 
(-2) 

0.147 
(-1 

1 1  

0.223 
(-2) 

0.390 
( -2 1 
0.640 
(-2) 

0.102 
(-1 1 

0.166 
(-1 ) 

0.282 
(-1 ) 

0.531 
(-1 ) 

0.120 

0.309 
(-2) 

0.613 
(-2) 

0.104 
(-1 1 

final 

12 

0.170 
(-2) 

0.294 
(-2) 

-- 

0.473 
(-2) 

0.733 
(-2 ) 

0.114 
(-1 1 
0.180 
(-1 

0.304 
(-1 

0.565 
(-1 

0.234 
(-2) 

0.459 
(-2 1 
0.758 
(-2) 

state n 

13 

0.133 
(-2) 

0.227 
(-2 1 
0.360 
(-2) 

0.546 
(-2) 

0.819 
(-2) 

0.124 
(-1 ) 

0.195 
(-1 

0.324 
(-1 1 
0.182 
(-2) 

0.353 
(-2 ) 

0.573 
(-2) 

14 

0.106 
(-2 1 

0.179 
(-2) 

0.281 
(-2) 

0.419 
(-2) 

0.613 
(-2) 

0.898 
( -2)  

0.134 
(-1 1 
0.208 
(-1 

0.144 
(-2) 

0.278 
(-2 

0.445 
(-2) 

15 

0.857 
(-3) 

0.144 
(-2 ) 

0.224 
(-2) 

0.330 
(-2 ) 

0.473 
( -2 )  

0.676 
(-2 ) 

0.974 
(-2) 

0.143 
(-1 ) 

0.117 
(-2) 

0.222 
(-2 ) 

0.354 
(-2 ) 
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Tab le  4.4 - continued 
n'+n transition 

Power of ten is given in parenthesis 



Table 4.4 - cont inued 

n  'M t r a n s i t i o n  

Power o f  t e n  i s  g iven  i n  paren thes is  
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Table 4.5 - Oscillator strengths of the ions C IV, N V, and 0 V I  used 
in this work. 

n'+n transition 

Power of ten is g iven in parenthesis 



Chapter V 

C IV, N V, AND 0 VI: COLLISIONAL IONIZATION RATE COEFFICIENTS 

1. INTRODUCTION - 

A very l imited amount of da ta  is ava i lab le  on the co l l i s iona l  ioniza- 

t i on  cross-sections o r  r a t e  coe f f i c i en t s  of  the  lithium-like ions C IV, 

N V, and 0 VI. Cross-section data  a r e  given i n  

Tref f tz  (1963) : 2s s t a t e  of  0 VI, 

b t z  (1967, 1968) : 2s s t a t e  of C IV, N V, and 0 VI, 

and r a t e  coef f ic ien ts  a r e  discussed i n  

Kulander (1978): 2s s t a t e  of N V and 0 VI, 

W z e  (1971) : 2s s t a t e  of C IV, N V, and 0 VI, 2p s t a t e  of 0 V I .  

Most of t he  work has  been done on the ground s t a t e ;  very l i t t l e  atten- 

t i o n  has  been given t o  the  excited s t a t e s .  Furthermore, there  is no 

simple general  method oE obtaining r e l i a b l e  estimates of t he  r a t e  coef- 

f i c i e n t s  needed i n  t h i s  mrk .  

2. CROSS-SECTION DATA - -- 

Tre f f t z  (1963) ca lcu la tes  the  e lec t ron  'impact ionizat ion cross-sec- 

t i o n  of  t he  2s s t a t e  of  0 VI with t he  Coulomb-Born approximation, with 

and without exchange. ?he inclusion of exchange between the  scat tered 

and the ejected electrons reduces the  cross-section t o  l e s s  than 68% of 

t he  non-exchange cross--section a t  maximum. 
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Lotz (1967, 1968) proposes an empirical expression fo r  s ing le  ioniza- 

t i on  of  atoms and ions fr.on the ground s t a t e  t h a t  approximate's experi- 

mentally determined cross-sections within the experimental e r ro r  and, i n  

most cases,  within 10% over t he  energy range from the threshold t o  

10 keV. The formula cannot reproduce the f i ne  s t ruc tu re s  observed in 

the  cross-section curves, but it has the  advantage t h a t  it appl ies  t o  

a l l  elements, 

Lotz 's  formula for  the  t o t a l  cross-section for  s ing le  ionization from 

the ground s t a t e  is wri t ten i n  the general form 

the re  i is the  subshell from which ionizat ion occurs and N is the t o t a l  

nunber of subshel ls  which contribute t o  the cross-section; N is usually 

small. The sub&~el l s  a r e  counted inwards, s t a r t i n g  from the outermost 

one for  which i = 1. is the nunber of equivalent e lec t rons  i n  sub- 

s h e l l  i and ai, bi , and c; a r e  constants which a r e  adjusted to  the 

avai lable  data.  PL is the binding energy of the  e lec t rons  i n  subshell  

i and E is the  k ine t ic  energy of the  impacting electron; the  condition 

E >/ Pi holds for  ionization from the * subshell.  Formula (5.1) 

gives  t he  cor rec t  theore t ica l  energy dependence both fo r  small and larye 

energies of t he  impacting electron; for  small energies,  we have (Bur- 

gess,  1961; Geltman e t  a l . ,  1963) 



and fo r  l a rge  energies (Massey and Burhop, 1952, p.140) 

For four times and higher ionized atoms, Lotz assunes 

This assumption gives  r e s u l t s  which agree within a few percent wj. t h  

theore t ica l  ca lcu la t ions  of Rudge and Schwartz (1966) for  a hydrogen- 

l i k e  ion with high nuclear charge 2, i n  the. Born-exchange approxima- 

t ion.  For l i t h i m - l i k e  ions, we neglect  inner she l l  ionization a i c h  

occurs only a t  high values of  E; then N = I. W e  a l so  have, for the 

valence electron,  5, = 1 and 'P, = I,, t he  ionization potent ia l  of the  

ground s t a t e .  Expressing the energy of the  impacting electron i n  un i t s  

of t he  threshold energy fo r  ionizat ion 

we can wri te  the  groutid s t a t e  co l l i s iona l  ionization cross-section of 

the  ions C IV, N V, and 0 VI a s  



where a,, = 4.5 x 1 8 ~ ' ~  cm'e~' and I,, is i n  eV. In Fig. 5.1, we com- 

pare the  cross-section of the  2s s t a t e  of 0 VI a s  calculated by Lotz's 

formula with t h a t  given by Treff tz .  It is seen t h a t  the  r e s u l t s  

obtained with Lotz's eq.(5.6) a r e  i n  approximate agreement with the  

values of the  cross-section with exchange calculated by Treff tz .  

Integrating eq. (5.6) over a Maxwellian energy d i s t r i bu t ion  function 

vie obtain the r a t e  coef f ic ien t  fo r  e lectron impact ionizat ion of the  

ground s t a t e  of the  ions C IV, N V, and 0 VI: 

h e r e  E,(x) is the  exponential in tegra l  and I,, and T a r e  i n  eV. 

For T i n  K and in ~Rydbergs, eq. (5.8) becomes 

3.  RATE COEFFICIEI4T DATA - -  
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3.1. Grotmd s t a t e  - - 
Kulander (1970) compares the  co l l i s iona l  ionization r a t e  coe f f i c i en t s  

of t he  ground s t a t e  of N V and 0 VI calculated with an empirical and a 

semi-empirical expression, various c l a s s i ca l  approximations, and the 

formula of Lotz (1967, 1968) . ?he coef f ic ien ts  a r e  found t o  agree with 

each other  within a factor  of tm. 

Kunze (1971) has experimentally measured the c o l l  i s ional  ionization 

r a t e  coe f f i c i en t s  of the  2s s t a t e  of  the  ions C IV, N V, and 0 VI. Tne 

experimental r a t e  coef f ic ien ts  he obtains  a r e  only about 6B% of theoret- 

i c a l  r a t e s  calculated with a semi-empirical expression k i c h  he proposes 

(eq.5.10). However, t h i s  is within the expr imenta l  accuracy estimate 

of a factor  of tw o r  be t t e r  quoted by Kunze, and these r e s u l t s  a r e  thus 

i n  agreement with theory. Kunze a l so  mentions possible systematic 

e r r o r s  i n  h i s  measurements which would tend t o  yield values of the  r a t e  

coef f ic ien ts  which a r e  too low. 

Tne semi-empirical formula proposed by Kunze is 

This equation g ives  a ~ 1 0 %  f i t  i n  the  temperature range 

I,/10 $ kT G 10 IM t o  the  r a t e  coe f f i c i en t s  derived for  hydrogenic 

ions by Rudge and Schwartz (1966) with t he  Born-exchange approximation. 

?he r a t e  coef f ic ien ts  calculated with eq.(5.10) a r e  a l so  in  agreement 
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with r e s u l t s  obtained from Lotz 's  formula (5.9) t o  within 15% a s  shown 

i n  Fig .5.2, and with unpublished ca lcu la t ions  of Schwartz (1971) , men- 

tioned by Kunze, t o  within ~ 1 0 % .  

3.2. Excited s t a t e s  - - 

According to  Kunze, eq. (5.10) is a l so  applicable t o  excited s t a t e s ;  

r e s u l t s  of Schwartz (1971) on the  2p s t a t e  of 0 VI can be approximated 

t o  within w2rd% with eq.(5.10). However, it should be noted t h a t  a s  n 

increases,  f decreases and the range of v a l i d i t y  of t h i s  equation is 

accordingly reduced. 

4. RATE COEFFICIENTS OF THE EXCITED STATES - -  -- 

The app l i cab i l i t y  of Kunze's semi-empirical expression t o  exzited 

s t a t e s  suggests t h a t  Lotz's formula (5.9) may a l so  be used to  ca lcu la te  

the  co l l i s iona l  ionization r a t e  coe f f i c i en t s  of the  excited s t a t e s  of 

t he  ions C IV, N V, and 0 VI. Assuming t h a t  the  parameter a,, is a 

constant fo r  a l l  s t a t e s  n R ,  it is then possible t o  generalize eq.(5.9) 

t o  excited s t a t e s  a s  follows: 

&ere the  ionization potent ia l  of t he  e lec t ron  i n  s t a t e  n)!., is i n  

Ftydbergs and T i n  K. In Fig.5.3, we compare the r a t e  coe f f i c i en t s  of 

t he  2p s t a t e  of 0 VI and the 5d s t a t e  of N V a s  calculated with Kunze's 

eq.(5.10) and I a t z ' s  eq.(5.11). The r e s u l t s  a r e  i n  c lose  agreement; 

Lotz 's  r a t e  coe f f i c i en t s  a r e  s l i g h t l y  grea te r  than the  ones calculated 
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with Kunze's equation, except a t  very high values of T (kT > ~ 1 0  Id ) 

&ere the coe f f i c i en t s  diverge substant ia l ly .  

?he reason for  t h i s  agreement becomes evident when a de ta i led  inves- 

t i ga t ion  of equations (5.10) and (5.11) is car r ied  out.  Tne co l l i s iona l  

ionization r a t e  coef f ic ien t  of s t a t e  n x  can be wri t ten a s  

s,, c e )  = 
3.0 x 10-6 

G'2 a- ce f l e )  

&ere 6 = I d / k ~  and f (0)  is a fac tor  which has  d i f f e r e n t  ana- 

l y t i c a l  forms i n  Lotz's and Kunze's w r k :  i n  Lotz's eq. (5.11) , we have 

Kunze's eq.(5.10) requires 

5, ( 0 )  is well-behaved for  a l l  values of  8, whereas f ,(0) becomes 

negative fo r  €3 > ~ 1 2 2 0  (kT < ~ 1 ~ / 1 2 2 0 )  .' Hoever,  a s  can be seen i n  

Fig.5.4 where we compare $,to) with the  pos i t ive  pa r t  of 5,(0) , 

t h e  tm functions agree t o  within 20% in  the  region 
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This is the  region where equations (5.M) and (5.11) a r e  usually 

applied. Kunze's estimated range of v a l i d i t y  of eq. (5.10), v iz .  

is well within the l i m i t s  (5.15). 

Lotz 's  semi-empirical formula (5.11) w i l l  be used i n  t h i s  w r k .  

m e r e  a r e  many reasons which support t h i s  choice: 

1. Lotz 's  formula is derived from a semi-empirical expression with 

th ree  adjustable parameters which can be chosen such t h a t  a l l  avai lable  

exprerimental data  can be reproduced. On the  other  hand, Kunze intro- 

duces an empirical correction factor  

i n  t he  r a t e  coe f f i c i en t  h i c h  is not based on any known behavior of the  

cross-section o r  the  r a t e  coef f ic ien t .  

2. Kunze's eq.(5.10) breaks down a t  low values of T; Lotz 's  formula 

remains well-behaved fo r  a l l  T. 

3. ?he form of Lotz's equation is simpler and more aesthet ic .  The 

evaluation of the  exponential in tegra l  p s e s  no ser ious  problem since 

well-known ra t iona l  approximations t o  t h i s  function a r e  avai lable  (Abra- 

rnowitz and Stegun, 1965, p.231; Cody and Thacher, 1958). 





The r a t e  coef f ic ien ts  of the  average s t a t e s  n a r e  obtained from the 

r a t e  coef f ic ien ts  of the  individual n i  s t a t e s  a s  follows. Tne cross- 

sect ion of the  average s t a t e  n is computed with (Moiseiwitsch and 

Smith, 1968) 

where C ~ ) Q  and w, a re  the s t a t i s t i c a l  weights of l e v e l s  nQ and n res- 

pectively. Substi tuting for  cdM and d, in  eq.(5,17), we obtain 

Since the r a t e  coef f ic ien t  is obtained from the cross-section by a 

straightforward integrat ion over a Maxwellian energy d i s t r i bu t ion  fur~c- 

t ion ,  we then have 

- 2"'*' SnL (T) .  s,, ( T )  - 
R 0% 

In  Fig.5.5, we compare the values of S,(T) for  the  l i t h i m - l i k e  

ion C I V  calculated using eq. (5.19) with the values for  a hydrogenic ion 

with Z = 4 calculated with a semi-empirical formula due t o  Drawin (1961, 

1962, 1963, 1966) (see Section 4 of Chapter 11). me l i t h i m - l i k e  r a t e  

coef f ic ien ts  a r e  observed to  be c lose ly  hydrogenic. Howver, the  d i f -  
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ferences between the tm coe f f i c i en t s  a r e  more pronounced a t  lowtemper- 

a tu re s  and small n. 

6. ACCURACY OF THE RATE COEFFICIENTS - --- 

Lotz (1968) estimates the  e r ro r  on the ground s t a t e  cross-sections 

calculated with eq. (5.1) t o  be not higher than f $ %. The r a t e  coef f  i- 

c i e n t s  of t he  excited s t a t e s  calculated with eq. (5. ll) should a l so  be 

reasonably good estimates of the  actual  coef f ic ien ts  due t o  the  c lose  

agreement between the ca lcu la t ions  of  Lotz and Runze for  

I,& /300 4 kT & 100 Id. Furthermore, t h e  lithium-like r a t e  coeff i- 

c i e n t s  a r e  within a fac tor  of 1.5 of the  corresponding hydrogenic values 

fo r  T 2 4g00 K. Accordingly, we estimate the  r a t e  coef f ic ien ts  of  the  

excited s t a t e s  of lithium-like ions calculated with eq. (5.11) t o  be 

within a factor  of tm o r  be t t e r  of the  actual  coef f ic ien ts  provided 

t h a t  inner s h e l l  ionization is negligible.  According to  Kunzc (1971), 

t h i s  should be the case for  kT 4 161 Id. 
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Chapter VI 

C IV, N V, AND O VI: COLLISIONAL EXCITATION RATE COEFFICIENTS 

1. INTRODUCTION - 
A very l a rge  nunber of exc i ta t ion  cross-sections is required i n  t h i s  

m r k .  The cross-sections must be known a s  a function of the k ine t ic  

energy of the  impacting electron for  each of t he  496 t r ans i t i ons  possi- 

b l e  between the  32 s t a t e s  considered i n  our calculat ions ,  Unfortu- 

nately,  t h e  avai lable  data  a r e  but a very small f rac t ion  of t he  required 

cross-sections. 

A good nwnber of approximations have been devised t o  ca lcu la te  exci- 

t a t i o n  cross-sections (Moiseiwitsch and Snith,  1968). Consequently, the  

degree of accuracy of t he  avai lable  da ta  is not  uniform; it depends on 

the  approximation t h a t  .is used. Some of thn more i m p r t a n t  references 

on the  e lec t ron  impact exc i ta t ion  of t he  lithium-like ions  C IV, N V, 

and 0 VI a r e  given below: 

Bely (1962): 0 VI - 2s -> 2p, 3p; 

Bely (1965) : L i  i soelectronic  sequence (Iso)  - 2s -> np; 

Burke e t  a l .  (1966): N V - 2s -> 2p, 3s, 3pr 3d; 

2p -> 3s,  3pr 3d; 

3s -> 3p, 3d; 3p -> 3d; 

Bely (1966a) : Iso - 2s -> np; 

Bely (1966b): Iso - 2s -> ns,  nd; 

Moiseiwitsch and Srnith (1968): review a r t i c l e ;  

Bely and Van Regeniorter (1970) : review a r t i c l e ;  

- 164 - 
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c i a l l y  s ince  the ac tua l  values of the  cross-sections a r e  not known 

exactly. 

Calculations on the  exc i ta t ion  from higher excited s t a t e s  a r e  very 

scarce. Burke e t  a1 . (1966) have carr ied out Coulomb-Born ca lcu la t ions  

on the  3s  -> 3p, 3d and 3p -> 3d t r ans i t i ons  of N V while Davis and 

Morin (1970), using a semiclassical  approximation, have done calcula- 

t i o n s  on the 5p -> 6s,  6s -> 7p, and 6p -> 7s,  7d t r ans i t i ons  of N V. 

Both ca lcu la t ions  should be used with caution. 

Some of Burke's cross-sections for  exc i ta t ion  from the 2s and 2p 

s t a t e s  have been shown t o  be i n  error :  Norcross (1969) has found t h a t  

a l l  strong coupling calculat ions  performed pr ior  t o  1969 can be expected 

t o  have l a rge  uncertainties;  Burke c a r r i e s  out  a strong coupling calcu- 

l a t i o n  for  the  2s -> 3p t rans i t ion .  Bely and Pe t r in i  (1978) mention 

t h a t  Burke's cross-sections fo r  the  2p -> 3p, 3d t r ans i t i ons  a r e  wrong 

due t o  a mistake i n  the  f i n a l  cal.culations; however, the  r e s u l t s  fo r  the 

2p -> 3s t r ans i t i on  are, correct .  We should thus be careful. when using 

the 3s  -> 3p, 3d and 3p -> 3d cross-sections calculated by Burke e t  a l .  

The ca lcu la t ions  of Davis and .Florin, performed with a semiclassical  

approximation, w i l l  probably not have the same accuracy a s  cross-sec- 

t i o n s  calculated with the  Coulomb-Born approximation. However, Davis 

and Morin claim +hat t h e i r  r e s f ~ l t s  should be i n  reasonable agreement 

with experiment. 

Since 1970, ca lcu la t ions  have been performed only on a few selected 

t r ans i t i ons  from the 2s and 2p s t a t e s ;  not even approximate ca lcu la t ions  
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f o r  exc i ta t ions  from higher excited s t a t e s  have been made. The accuracy 

of t he  exc i ta t ion  cross-sections has  been improved by including more 

sophisticated quantum mechanical e f f e c t s  i n  the  approximations used. 

The resul t ing data a r e  however l e s s  useful for  our purposes s ince the 

cross-section values a r e  calculated only f o r  a very l imited number of 

incident e lec t ron  energies. Consequently, we w i l l  use the  Coulomb-Born 

ca lcu la t ions  of  Bely and Pe t r in i  (Bely, 1966a, b; Bely and 

Pe t r in i ,  1970; Pe t r in i ,  1972) for  exc i ta t ion  from the 2s  and 2p s t a t e s ,  

espec ia l ly  s ince,  a s  can be seen in  Fig.6.1 and 6.2, the  more sophisti-  

cated approximations do not a f f e c t  the  cross-sections s ign i f ican t ly .  

2.2. General calculat ions  - - 
Due t o  the lack of data ,  a general method of calculat ing exc i ta t ion  

cross-sections with reasonable accuracy muld  be most useful. Unfortu- 

nately,  the  general formulas avai lable  a r e  highly inaccurate and unreli- 

able. 

One of the  bes t  known approximation was obtained by Seaton (1962) by 

t r ea t ing  the co l l i s iona l  exci ta t ion a s  a rad ia t ive  process. The semi- 

empirical formula obtained i n  t h i s  manner is applicable only t o  opti-  

c a l l y  allowed t r ans i t i ons  and is proportional t o  the  absorption osc i l l a -  

t o r  strength of the  corresponding opt ica l  t rans i t ion .  Unfortunately, 

the  formula is a l so  proportional t o  an e f fec t ive  Gaunt fac tor  Z j  which 

has t o  be calculated for  each individual t r ans i t i on  and ~ i c h  is a func- 

t i on  of the  incident e lectron energy. Van Rcqemorter (1952) proposed 

using an average valu? 3 N 0.2 fo r  exc i ta t ion  of p s i t i v e  ions a t  low 

. energies. 
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In  Fig-6.1 and 6.2, we compare the cross-sections fo r  the  2s -> 2p 

and 2s -> 3p t r ans i t i ons  of  N V a s  calculated from Seaton's formula by 

put t ing 4 = 0.2 with t h e v a l u e s  calculated by Bely (1966a) from the 

Coulomb-Born approximation. We see  t h a t  Seaton's formula should be used 

with caution; r e s u l t s  from it may be i n  considerable e r r o r  (Eely and Van 

Regemorter, 1970). W e  a l so  note t h a t  the  asymptotic behavior of Sea- 

t on ' s  formula is 1/E, which d i f f e r s  from the theo re t i ca l ly  expected 

l n ~ / E  behavior (Massey and Burhop, 1952, p.140). The formula a l so  

has t he  disadvantage t h a t  it appl ies  only t o  op t i ca l ly  allowed t ransi-  

t ions .  

2.3. Hydrogenic values - - 
The cross-sections for  exci ta t ion from high-lying l i th iun-l ike quan- 

tum s t a t e s  could be estimated by using the corresponding hldrcgenic 

cross-sections. However, t h i s  method can introduce l a rge  e r r o r s  i n  the 

cross-sections. Bely (1966b) f inds  t h a t  op t i ca l ly  forbidden t r ans i t i ons  

play an i m p r t a n t  ro l e  i n  l i t h i m - l i k e  ions. For examplc, a t  low 

energy, t he  t r ans i t i ons  from the 2s s t a t e  of N V a r e  dominated by the  

= 2 forbidden t ransi ion;  the  cross-section for  the all = B forbidden 

t r ans i t i on  is a l so  c lose  to  the  A& = 1 op t i ca l ly  allowed t r ans i t i on  a s  

is seen i n  Fig.6-3. On the  other  hand, the  hydrogen cross-sections a r e  

dominated by the  op t i ca l ly  allowed t rans i t ions .  Tnis shows a fundamen- 

tal difference between lithium-like and hydrogenic e lectron impact exci- 

t a t i o n  cross-sections which indicates  t h a t  straightforward application 

of hydrogenic cross-sections t o  high-lying lithium-like quantuin s t a t e s  

i n  no t  j u s t i f i ed .  
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2.4. Experimental measurements - - 

Some experimental m r k  on co l l i s iona l  exc i ta t ion  from the ground 

s t a t e  of lithium-like ions has  been done by Boland e t  a l .  (197fl) , Kunze 

and Johnston (1971), and Bradbury e t  a l .  (1973). 

Bradbury e t  a l .  (1973) have studied the 2s -> 2p cross-section of N V 

i n  the  energy range 125 t o  400 eV. They found the measured cross-sec- 

t i on  t o  be cons is ten t ly  la rger  than the theore t ica l  values of 

Bely (1966a) and Burke (1966) by an amount somewhat la rger  than the 

estimated theore t ica l  e r ror .  Howver, there  is a poss ib i l i t y  of syste- 

matic e r r o r s  and cascade e f f ec t s .  

Boland e t  a l .  (1970) have studied the r a t e  coe f f i c i en t s  of  the  

2s -> 2p, 3s, 3p, 3d, 4p t r a n s i t i o n s  of  N V a t  a temperature of 

210,000 K. Their r e s u l t s  agree within the experimental uncertainty of  

N20% for  r e l a t i v e  values and 58% for  absolute values with the r e s u l t s  

o f  Burke e t  a l .  (1966) and Taylor and Lewis (1955). m e r e  is a l so  a 

p o s s i b i l i t y  of e r r o r s  t h a t  mu ld  tend t o  reduce the r a t e  coe f f i c i en t s  by 

a fac tor  of up t o  tm. 

Kunze and Johnston (1971) have studied . t h e  r a t e  coe f f i c i en t s  of the  

2s -> 2p, 3s, 3p, 3d, ? s t  4p, 4d t r ans i t i ons  of  N V and 0 VI a t  several  

temperatures. They estimate the  maximum e r ro r  i n  individual r a t e  coef- 

f i c i e n t s  t o  be a fac tor  of tm for  exc i ta t ion  t o  the n = 2 and 3 l eve l s ,  

and less than a fac tor  of 2.5 fo r  exc i ta t ion  t o  the n = 4 levels .  The 

standard deviation of the  experimental values from the theore t ica l  ones 
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of Bely (1966a, b) averaged over N V, 0 VI, and Ne VIII is found t o  be 

less than 30% for  exc i ta t ion  t o  the  n = 2 and 3 leve ls ,  and less than 

40% for  exc i ta t ion  t o  the 4s level .  m e  experimental r a t e  coe f f i c i en t s  

f o r  exc i ta t ion  t o  the  4p and 4d l e v e l s  a r e  cons is ten t ly  -40% below the  

theore t ica l  ones. 

Some of the  expr imenta l  r a t e  coef f ic ien ts  a r e  compared with the  

theore t ica l  values df Bely (1966a, b) in  Fig.6.4, 6.5, and 6.6. Within 

the experimental uncer ta int ies ,  t h e  r e s u l t s  of  Kunze and Johnston, and 

Boland e t  a l .  support the  theore t ica l  r a t e  coe f f i c i en t s  obtained in  the  

Coulomb-Born approximation. 

3, FIT OF THE DATA - ---- 
Numerous empirical and semi-empirical formulas have been proposed t o  

represent e lectron impact exc i ta t ion  cross-sections. For example, 

Mewe (1972) proposes a four parameter formula and tabula tes  the  pararne- 

t e r s  for  ground s t a t e  exc i ta t ion  of the  l i thium and other  isoelectronic  

sequences. 

However, we w i l l  use modified forms of  semi-empirical formulas pro- 

posed by Drawin (1963, 1964, 1965). There a r e  several  reasons fo r  t h i s  

choice: 

1. Drawin did an extensive review of t he  w r k  done i n  the  f i e l d  

before proposing h i s  formulas (Drawin, 1963, 1966). 

2. H i s  formulas have been found t o  be qu i te  successful i n  represent- 

ing known cross-sections. 
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3. Since h i s  formulas have already been used fo r  hydrogen, it w i l l  be 

ea s i e r  t o  compare the l i th iun- l ike  cross-sections with t he  corresponding 

hydrogenic values. 

4. The parameters a r e  not  t o t a l l y  unknom since t h e i r  hydrogenic 

values a r e  known. 

5. The in t eg ra l s  a r i s ing  from the integrat ion of t h i s  cross-section 

over a Maxwellian energy d i s t r i bu t ion  t o  obtain  the r a t e  coef f ic ien t  

have a1 ready been evaluated . 
Different formulas a r e  used for  op t i ca l ly  allowed and forbidden t ransi-  

t ions .  

3.1. Optically allowed t r ans i t i ons  - - 

Drawin (1963, 1966) wr i tes  the  cross-section for  exc i ta t ion  of the 

n' -> n t r ans i t i on  by e lec t ron  impact a s  

where E,,, is the  threshold energy fo r  the  exc i ta t ion  of the  n' -> n 

t r ans i t i on  i n  Rydbergs, U=E/ is the  energy of the  impacting elec- 

t ron  E i n  threshold uni ts ,  fn,,, is the  absorption o s c i l l a t o r  strength 

fo r  the n '  -> n t r ans i t i on ,  and a, is the Whr radius. Drawin proposes 

the  functions 

fo r  atoms, and 



Nnln ( K ; r a i l  )' 
gn, (u) = > I < U C U,,, 

U,,, - 2 

fo r  ions  s ince the  cross-section for  exc i ta t ion  of ions is observed t o  

be f i n i t e  a t  threshold. ant, and V n t n  a re  parameters t h a t  a r e  adjusted 

t o  the  known data  and U,,, is the  value of U a t  vhich g,,,,(u) is maxi- 

m m .  The functions (6.2) and (6.3) a r e g i v e n  i n  Fig.6.7 fo r  %,,= 1 

and g,,,,, = 1. 

The ac tua l  behavior of the  function gflln(k) for  ions is shown i n  

Fig.6.8, with curves a ,  b, and c. Drawin's function (6.3),  given by 

curve d ,  is seen t o  be a very crude approximation t o  the actual  function 

a t  low energies. To improve the s i t ua t ion ,  we introduce a t h i rd  adjust- 

able  parameter i n  the function ~,I,(LL) t o  account fo r  the  f i n i t e  

value of the  cross-section a t  threshold. Fig "6.9 suggests how may 

be introduced in  eq. (6.2): is the  value of U a t  which the  cross- 

sect ion would be B i f  U could take values less than 1. We thus have 

and the function g,, ( U) becomes 

The function ~,I ,(u) for  atoms, eq. (6.2), which is 0 a t  threshold, is 

then a special  case of eq. (5.5) with = 1. 
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For the  sake of  s impl ic i ty  i n  writ ing down the equations, we now drop 

the  suf f ixes  on the parameters M,.,, P,,.,, and +,,I" ; howver , it  should 

be understoo,d t h a t  there  is a d i f f e r en t  s e t  of  parameters fo r  each tran- 

s i t i on .  The cross-section for  exc i ta t ion  of the  o p t i c a l l y  allowed tran- 

s i t i o n  n' -> n by e lec t ron  impact can then be wri t ten a s  

where En., is i n  Rydbergs, 

3.2. Forbidden t r ans i t i ons  - - 
Drawin (1963, 1954, 1966) has proposed the following expression for  

the  cross-section for  e lectron impact exc i ta t ion  of the  op t i ca l ly  for- 

bidden t r ans i t i on  n' -> n i n  h i c h  no change of mu l t ip l i c i t y  occurs: 

An obvious general izat ion of  t h i s  equation t o  cross-sections which a r e  

f i n i t e  a t  threshold is 

The parameter Q,I, shows la rge  var ia t ions  i n  value. 

W e  wish t o  obtain  a slowly varying prameter  K,I, from Q ,I, by f ac- 

tor ing out its highly varying par t .  For allowed t rans i t ions ,  one has 



By looking a t  the  values of Q,I, fo r  the  forbidden t r ans i t i ons  of the  

hydrogen atom calculated by Kingston and Lauer (1966a, b) , and by anal- 

ogy with eq. (6.9) , we find t h a t  i f ,  f o r  forbidden t rans i t ions ,  we take 

forbidden I 

Q nfn 

the parameter dn1, then va r i e s  slowly. 

Dropping the suf f ixes  on the parameters b(,*, and +,,, , we can then 

wri te  the  cross-section for  e lectron impact exc i ta t ion  of the  forbidden 

t r ans i t i on  n' -> n i n  which no change of mu l t ip l i c i t y  occurs a s  

where E,,, is i n  Rydbergs. 

3.3. F i t t i n g  procedure - - 

The adjustable parameters of eqs. (6.6) and (6.11) a r e  determined by 

f i t t i n g  the avai lable  data t o  these expressions with a l e a s t  squares 

method (see Appendix D ) .  Tne sum of the  square of the  r e l a t i v e  d i f fe r -  

ences between the actual  and the f i t  values of the  cross-sections is 

minimized with respect t o  the f i t  parameters. The resu l t ing  minimiza- 

t i on  conditions a r e  non-linear equations in  the  parameters d , g, and 4 
for  eq. (6.6), and oC and for  eq. (6.11). Tnese equations a r e  solved 

by an i t e r a t i v e  procedure. 



3.4. F i t  parameters -- - 
The f i t  parameters obtained for  the  forbidden t r ans i t i ons  2s -> ns, 

nd, nf and 2p ->  n p o f  the  i o n N V a r e g i v e n  i n  Fig.6.10 and 6.11. The 

f i t  parameters of  the  allowed t r ans i t i ons  2s -> np and 2p -> ns, nd of 

the  ion N V a r e  given i n  Fig.6.12, 6.13, and 6.14. 

In general ,  a smooth var ia t ion  of  the  parameters is observed a s  n 

increases. For forbidden t r ans i t i ons ,  c4 has a highly regular behavior, 

whereas the  values of $ a r e  more scattered; t h i s  is espec ia l ly  evident 

fo r  those parameters vhich have been obtained from cross-sections extra- 

p l a t e d  with BElyt s method. The parameters a , and # fo r  allowed k t  
t r ans i t i ons  a l so  exhib i t  a regular behavior; however, t h e  2p -> nd par- 

ameters show some degree of sca t te r ing .  

Based on Fig.6.10 t o  6.14, we can expect t h a t ,  a s  a general  ru le ,  the  

parameters within a spec t ra l  s e r i e s  w i l l  vary smoothly a s  n changes. 

Some of the  parameters of t he  above t r ans i t i ons  have accordingly been 

corrected. Most of t h e  parameters which need correct ion come from 

cross-sections which have been obtained with Bely ts  e x t r a p l a t i o n  proce- 

dure. In most cases,  t he  parameters which have been obtained d i r e c t l y  

from Bely ts  ca lcu la t ions  need very l i t t l e  correction.  Howver, it 

should be noted t h a t  s ince Ekly g ives  only a few cross-section values a t  

low values of U c lose  t o  the threshold, some sca t te r ing  of the  parame- 

ters is t o  be expected; t h i s  is due t o  the  f a c t  t h a t  a s n a i l  var ia t ion  

i n  the  cross-sections w i l l  cause a l a rge  var ia t ion  i n  the  parameters. 

The f i n a l  values of t he  parameters of the  ions C IV,  N V, and 0 VI 

a f t e r  correct ion a r e  given i n  Tables 6.1, 6 . 2  and 6 . 3  f o r  forbidden 

t r ans i t i ons ,  and i n  Tables 6.4, 6.5, and 6.6 f o r  allowed t rans i t ions .  
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Table 6.1 - F i t  parameters f o r  t h e  c o l l i s i o n a l  e x c i t a t i o n  o f  t h e  
2s-+ns, nd, n f  and 2 p w p  fo rb idden t r a n s i t i o n s  o f  t h e  i o n  C I V .  

Power o f  t e n  i s  g iven  i n  paren thes is  



Table 6.2 - F i t  parameters f o r  t h e  c o l l i s i o n a l  e x c i t a t i o n  o f  t h e  
2s+ns, nd, n f  and 2 p n p  fo rb idden  t r a n s i t i o n s  o f  t h e  i o n  N V.  

Power o f  t e n  i s  g iven  i n  paren thes is  

n 

2s-tns 

a 6 

2s-tnd 

a 6 

2 s-tn f 

a 

2 p-+n P 

4 a 0 



Table 6.3 - F i t  parameters f o r  t he  c o l l i s i o n a l  e x c i t a t i o n  of t h e  
2s+ns, nd, n f  and 2p+np fo rb idden t r a n s i t i o n s  o f  t he  i o n  0 V I .  

Power o f  t en  i s  g iven i n  parenthesis  



Table 6.4 - F i t  parameters f o r  t h e  c o l l i s i o n a l  e x c i t a t i o n  o f  t h e  
2s+np, 2p+ns, and 2p-tnd a l lowed t r a n s i t i o n s  o f  t h e  i o n  C I V .  

Power o f  t e n  i s  g iven i n  parenthes is  



Table 6.5 - F i t  parameters f o r  t h e  c o l l i s i o n a l  e x c i t a t i o n  o f  t h e  Zs-tnp, Zp-tns, 
and 2p-tnd a l lowed t r a n s i t i o n s  o f  t h e  i o n  N V.  

Power o f  t e n  i s  g iven  i n  paren thes is  

n 

2 s-tn p 

~1 

2p-tns 

2 

3 

5 

6 

B 

6.07 

1.45 

1.70 

1.73 

1.76 

a 

- 

0.402 

0.426 

0.443 

0.458 

1 0.932 

0.512 

7 0 . 7 1 0  

0.798 

0.897 

9 

@ 

-0.533 

0.452 

0.37, 

0.369 

0.373 

2p-tnd 

- 

-0.596 
( -1  1 

-0.723 
(-1 

-0.088 

-0.101 

B 

- 

2.21 
_ I _ _ - .  

2.67 

2.97 

3.14 

- 

0.483 

0.611 

0.691 

0.728 

7 

8 

9 

10 

11 

12 

13 

14 

15 

1.64 

1.66 

1.66 

1.64 

1.66 

1.66 

1.66 

1.66 

1.66 

$ 

-0.110 

-0.115 

-0.118 

-0.118 
a 

-0.118 

-0.118 

-0.118 

-0.118 

-0.118 

. 

0 

- 

0.264 

0.177 

0.125 

0.106 

- 

4.63 

5.05 

5.36 

5.61 

a 

0.753 

0.776 

0.785 

0.790 

0.795 

0.797 

0.799 

0.798 

0.798 

1.03 

1.13 

1.14 

1.15 

1.15 

1.16 

1.15 

1.16 

1.16 

B 

5.81 

5.96 

6.08 

6.19 

6.24 

6.29 

6.32 

6.34 

6.34 

0.360 

0.355 

0.350 

0.350 

0.350 

0.350 

0.350 

0.350 

0.353 

3.24 

3.30 

3.35 

3.39 

3.39 

3.39 

3.39 

3.39 

3.39 

0.473 

0.486 

0.498 

0.509 

0.513 

0.517 

0.522 

0.524 

0.524 

0'909 
( -1  1 

0*835 
( -1  1 

0.078 

0.074 

0.070 

0*677 
(-1 ) 

0*664 
(-1 1 

0.065 

0.064 



Table 6.6 - F i t  parameters f o r  t h e  c o l l i s i o n a l  e x c i t a t i o n  o f  t h e  2s+np, 2p+ns, 
and 2p+nd a l lowed t r a n s i t i o n s  o f  t h e  i o n  0 V I .  

Power o f  t e n  i s  g iven  i n  paren thes is  



4, EXTRAPOLATION OF THE FIT PARAMETERS - --- 

The simplest extrapolation procedure possible is t o  a s s m e  constant 

values of  the  parameters fo r  a l l  unknown allowed o r  forbidden t ransi-  

t ions ,  Unfortunately, the  parameters h i c h  a r e  known show subs tan t ia l  

var ia t ions  and such an extrapolation procedure wi l l  be f a r  l e s s  accurate 

than one based on the known t rends of the  parameters a t  low values of  n' 

and on the corresponding hydrogenic values. We car ry  out  the  extrapola- 

t i on  of  the  parameters of  N V from h i c h  those of C I V  and 0 VI can be 

obtained. 

4.1. Constraints on the  parameters - - -- 

The f a c t  t h a t  the  exc i ta t ion  cross-section must be pos i t ive  

imposes ce r t a in  conditions on the parameters which r e s t r i c t  t h e i r  range 

of values. These conditions a r e  obtained by demanding t h a t  each parame- 

ter be allowed only such values , t h a t  w i l l  s a t i s f y  eq. (6.12). From equa- 

t i o n s  (6.6) and (6.11) , we thus have the conditions 



h e r e  U,;, is the  minimum value of  U. The smallest  possible value of U 

is 1. W e  thus obtain the cons t ra in t s  

for  op t i ca l ly  allowed and forbidden t rans i t ions .  

The value of U a t  which the cross-section is a maximum, U is 

given by the  r e l a t i on  

fo r  allowed t r ans i t i ons  and 

UWr = zp( 

for  forbidden t rans i t ions .  The value of U,,, is not  known exact ly  fo r  

every t rans i t ion .  Howver, it is usual ly  small, less than 45. I t  
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should a lso be noted t h a t  values of  U,, less than 1 a r e  a l so  possible,  

a s  can be seen from curve a i n  Fig. 6.8. Relation (6.16) o r  (6.17) can 

thus be used t o  es tab l i sh  whether a set of parameters g ives  a reasonable 

value of  U,,,$ 

4.2. Allowed t r ans i t i ons  - - 

4.2.a. AQ b 1 t r ans i t i ons  

'Ihe A0 = 1 s -> p, p -> s, and p -> d t r ans i t i ons  can be extrapo- 

l a t ed  with reasonable accuracy, due t o  the  m r k  of Davis and 

b r i n  (1970) on the 5p -> 6s ,  6s -> 7p, 6p -> 7s,  and 6p -> 7d t ransi-  

t i o n s  of N V. In  Fig.6.12, 6.13, and 6.14, we show the  posi t ion of the  

parameters of  these t r ans i t i ons  i n  r e l a t i on  t o  the  parameters of the  

t r a n s i t i o n s  from the 2s and 2p s t a t e s  of N V. W e  a l so  show possible  

extrapolation curves fo r  the  ~n = 1 s -> p, p -> s and p -> d t ransi-  

t ions .  ?he corresponding values of the  parameters a r e  given i n  Tab.6.7. 

An estimate of the  e r r o r s  i n  these parameters and a discussion of t h e i r  

e f f e c t  on the  cross-sections is given i n  Section 4.5 of t h i s  Chapter. 

To obtain  estimates of  t he  parameters of  t he  An 3 2 s -> p, p -> s, 

and p -> d t rans i t ions ,  t he  following extrapolation procedure is used. 

W e  take a s  example the extrapolation of t he  dna,,,p parameters. W e  

assume t h a t  these parameters vary continuously a s  n' and n a r e  varied. 

We then take the  curves M,, ,p and NA,,=, a s  envelopes of a family of  

curves Kds+,, and &,,z a s  shown i n  Fig.6.15. The in te rsec t ion  of 
P 

t he  tm sets of curves a t  integer values of n g ives  estimates of the  

parameters o(,,aS-D,,P. This extrapolation procedure can be ju s t i f i ed  by 

the  f a c t  t h a t  for  a l l  allowed t r ans i t i ons  of  hydrogen, 0( = 1, and it 
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Table 6.8 - Extrapolated parameters f o r  the  co l l  i s ional  exci ta t ion 
o f  the  mr2 s-tp, p-ts, and p-d allowed t r ans i t i ons  of the  ion N V .  
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thus seems reasonable t o  expect t h a t  for  a l l  allowed t r ans i t i ons  of N V, 

0.4 6 ty r 1.2, a s  is observed for  the  curves o(,,,,~ and , . The 

sets of  parameters f o r  the  AM 3 2 s -> p, p -> s ,  and p -> d t ransi-  

t i o n s  shown i n  Tab.6.8 a r e  obtained i n  t h i s  manner, 

The parameters of the  other  allowed t r ans i t i ons  from d,  f ,  and higher 

p-value s t a t e s  a r e  d i f f i c u l t  t o  extrapolate,  s ince no data  a r e  availa- 

ble  fo r  these t r ans i t i ons  i n  lithium-like ions. These parameters w i l l  

be estimated by taking in to  account the  behavior of the  pa rme te r s  of 

s -> p, p -> s, and p -> d t r ans i t i ons  of N V and the behavior of the  

corresponding hydrogen parameters which can be obtained from the m r k s  

of McCoyd and Milford (1963) and Kingston and Lauer (1966~1, b) . 

i, Behavior of 

The value of o( f o r  hydrogen is found t o  be c( = 1. For the  s -> p, 

p -> s, and p -> d t r ans i t i ons  of N V, 0.4 ,c o( 6 1.2, with an average 

value of ~ 0 . 6 .  Since ac is constant fo r  hydrogen, t h i s  suggests t h a t  

o( may be expected t o  be r e l a t i ve ly  constant fo r  N V. Consequently, we 

take rough averages of the  values of  MA,=, , o( ,,,,, ,., of the  s -> p, 

p -> s, and p -> d t rans i t ions ,  and use these for  a l l  allowed t r a ~ s i -  

t i o n s  with 1' 2 d and = 2 1. The values of  oc obtained i n  t h i s  way 

a r e  found to  increase s l i g h t l y  with n, a s  is a l so  the case fo r  the  tran- 

s i t i o n s  from the 2s and 2p s t a t e s ,  The values of M f o r  the  A n )  1, 

1' 3 d t r ans i t i ons  a r e  given i n  Tab.6.9. 

ii. Behavior of f 
Although the  numerical values of f3 a r e  d i f f e r e n t  fo r  hydrogen and 

N V, we can however expect the  overa l l  behavior of these parameters t o  

be s imilar ,  In  hydrogen, f o r  ~1 = 21, 





1. fo r  constant n1 and I', f increases a s  An increases; 

2. fo r  constant n' and nn, (3 increases a s  L' increases; 

3. f o r  constant P' and An, p decreases a s  n' increases; 

(Rule 1). ?he change i n  fi i s  found t o  be qu i te  rapid a t  low values of  

the  var iables ,  but becomes very small a s  n ' ,  a', and ~ r l  increase (Rule 

2).  Tnis is observed for  PI, and t of hydrogen. However, t he  hydro- kn 
gen values of  f3 have been calculated only f o r  small A Q  . But Rule 2 

can a l so  be inferred for  g,, s ince it holds fo r  the  2s -> np and 

2p -> ns, nd t r ans i t i ons  of N V. We also find t h a t  (3r l=d ,  is s l i g h t l y  

grea te r  than , ; the  dif ference be twen the tha is less than a fac- 

t o r  of t~ i n  most cases  (Rule 3 ) .  

A s  can be seen from Fig .6.13 and Tab.6.8, the  values of fo r  the  

s -> p, p -> sf and p -> d t r ans i t i ons  of  N V obey Rules 1, 2, and 3.  

We thus use these ru l e s  t o  estimate the  values of  f f o r  a l l  An b 1, 

kt  + d allowed t rans i t ions .  Assuming FAR = - I  2 ~ A L - ,  and 

SL px ,=5  *. ... , and s t a r t i ng  from the values of (i f o r  the  s -> p, 

p -> s f  and p -> d t r ans i t i ons ,  t he  parameters shown i n  Tab.6.9 a r e  

obtained . 
iii. Behavior of 4 
The parmeter  4 ,  f o r  neutral  hydrogen,, has  the value = 1 since 

the  cross-section is 0 a t  threshold. For the  exc i ta t ion  of pos i t ive  

ions, values of a r e  d i f f i c u l t  t o  obtain  s ince 9 only a f f e c t s  the  

exc i ta t ion  cross-sections a t  low values of 'J. 

W e  thus have t o  estimate the  parameters 4 fo r  the A 1, A' 3 d 

allowed t r ans i t i ons  from the behavior of for  the  s -> p, p -> sf and 
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p -> d t rans i t ions .  For these t r ans i t i ons ,  4 is re l a t i ve ly  constant 

and, i n  most cases,  0.2 S S 0.6. However, l a rger  var ia t ions  i n  the 

values of a r e  observed fo r  the t r ans i t i ons  from the low-lying 2s and 

2 p s t a t e s .  m e e s t i m a t e d  v a l u e s o f  a r e  r e s t r i c t ed  t o  t h e r a n g e  

0.2 s S 0.6 and a r e  based on a  rough average of the  parameters fo r  

the  s -> p, p  -> s, and p -> d t rans i t ions .  Tne behavior observed in  

Fig.6.14 is a l so  taken in to  account. ?he resu l t ing  parameters a r e  given 

i n  Tab.6.9. 

4.2.b. Av\ = 0 t r ans i t i ons  

Very l i t t l e  da ta  a r e  avai lable  on t r ans i t i ons  of t he  kind 

nR' -> nL'+l i n  which only the  angular momentun of the  bound electron 

changes by an amount A 1  = k l :  Bely (1966a) has looked a t  the  2s -> 2p 

t r ans i t i on  and Burke e t  a l .  (1966), the  3s  -> 3p and 3p -> 3d t ransi-  

t ions .  A s  is evident from Fig.5.12, 5.13, and 5.14, the  behavior of the  

parameters of the  2s -> 2p t r a n s i t i o n  is very d i f f e r e n t  from t h a t  of the  

An g 1 t rans i t i ons  2s.-> np. A s  w i l l  be seen l a t e r  on, t h i s  I s  a  pec- 

u l i a r i t y  of a n  = 0 t rans i t ions .  

Bely (196Sa) s t a t e s  t h a t  the  CoulombBorn approximation g ives  r e s u l t s  

fo r  the  2s -> 2p t r ans i t i on  h i c h  a r e  accurate t o  within a  few percents. 

Tully and Pe t r in i  (1974) find t h a t  the  ~ o r n '  and the Coulomb-Born approx- 

imations tend to  the same r e s u l t s  a t  high k ine t ic  energy of the  incident 

electron.  This suggests t h a t  we use the simpler Rorn approximation for  

AQ = 0 t r a n s i t i o n s  t o  obtain es t imates  of  the  parameters o( and f ; 

values of can then be estimated from the cross-sections given by 

Bely (1966a) and Burke e t  a l .  (1966). 
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The exc i ta t ion  cross-section, i n  the  Born approximation, has t he  form 

(Massey and Burhop, 1952, p. 140) 

where (z,,,,,\ is the  mean dipole  length on the  z a x i s  fo r  the  n' -> n 

t r ans i t i on  and the other symbols have t h e i r  usual meaning. One has 

h e r e  Y,,, and \ a re  the  wave functions of t he  i n i t i a l  and f i n a l  s t a t e s  

respectively;  dz  is a volume element. Drawin (1963) puts  

h e r e  f,,,, is the absorption o s c i l l a t o r  s t rength of the  n' -> n tran- 

s i t i o n  and En,, is in. Rydbergs. Using eq. (6.23) i n  eq. (6.21) and 

expressing the energy of the  incident e lec t ron  i n  threshold un i t s ,  we  

g e t  

By comparing t h i s  equation with eq. (6.6), we obtain  the parameters 



A s  can be seen i n  Fig.6.16 and 6.17, these parameters underestimate 

the  actual  cross-section a t  low values of  U. However, using = -1 

gives a good f i t  t o  the 2s -> 2p and 3s  -> 3p cross-sections. The f i t  

f o r  the 3p -> 3d t r ans i t i on  is within a fac tor  of 1.5 of the  r e s u l t s  of 

Burke e t  a l .  (1966) a t  low and intermediate values of U. We w i l l  thus 

use the s e t  of parameters 

fo r  bn = 0 allowed t rans i t ions .  

4.3. Optically forbidden t r ans i t i ons  - - 

4.3.a. Ah 2 1 t r a n s i t i o n s  

i. Extrapolation of o( 

The parameters o( a r e  estimated by comparing t h e i r  lithium-like 

values with the  ones obtained from the cross-sections of the  forbidden 

t r ans i t i ons  o f  hydrogen calculated by Kingston and Lauer (196Sa, b) for  

A0 = 1 and 2. In  Fig.6.18 to  6.20, t he  values of oc f o r  hydrogen a r e  
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plo t ted  a s  a function of  n for  most of t he  A n  = 1 forbidden t r ans i t i ons  

from the s, p ,  and d s t a t e s .  

Several cha rac t e r i s t i c  behaviors of  the  parameter o( emerge from t h i s  

comparison. Broadly speaking, f o r  constant An and n' , o( is g rea t e s t  

fo r  the  ad = 2 t rans i t ion ;  the  other  parameters a r e  ordered a s  follows: 

o ( ~ ~ = ~  > 3  MA^=^ 7 * *  . However, a s  A q  and n' increase, 

ad=, approaches the  value of b(dmO. W e  a l so  observe t h a t  

o(d<o <( ocd,o . I f  AQ and nv a re  constant,  t he  values of M decrease 

a s  An increases. This decrease is pa r t i cu l a r ly  d r a s t i c  fo r  very low 

values of  An, but a s  An increases, o< approaches a constant value a s  

is observed in  Fig.6.10 fo r  the  2s  -> ns, nd, nf and 2p -> np t ransi-  

t i o n s  of  N V. For constant AQ and An ,  o( tends t o  a more o r  l e s s  con- 

s t a n t  value a s  n' increases; howver , it shovlld be noted t h a t  cd is l a r -  

ger for  the  f i r s t  few values of  n' . 

In Tab.G,lfl, t he  known values of  M fo r  the  ions C IV, N V, and 0 VI 

a r e  compared with the .corresponding hydrogen values. We observe t h a t  

fo r  a given t r ans i t i on ,  t he  l i th iun-l ike and hydrogen values of  LX a r e  

approximately equal. Furthermore, the  hydrogen parameter is seen t o  be 

the  l imit ing value of the  C IV, N V, and 0 VI parameters, a s  Z 

increases. The values of U fo r  N V can* thus be estimated by taking 

rough averages of t he  hydrogen values. The resu l t ing  parameters a r e  

given i n  Tab.6.11. 
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Table 6.10 - Comparison of the fit parameters a for the collisional 
excitation of some forbidden transitions of the ion N V and of Hydrogen. 

Tran- 
si tion 

2s+3s 

2s4s 

2s+3d 

2s4d 

2s4f 

2p+3p 

2p+4p 

a 

C I V  

0.560 

0.330 

1.53 

0.881 

0.216 

0.690 

0.570 

a/aH 

C I V  

0.90 

0.85 

0.78 

- -- 

1.12 

0.53 

1.01 

1.33 

N V  

0.576 

0.345 

1.57 

0.875 

0.240 

0.683 

0.555 

N V  

0.92 

0.89 

0.80 

- - - - 

1.11 

0.58 

1.00 

1.30 

0 VI 

0.585 

0.355 

1.59 

0.869 

0.260 

0.686 

0.540 

O V I  

0.94 

0.92 

0.81 

- 

1.10 

0.63 

1.00 

1.26 

H 

0.624 

0.388 

1.97 

0.788 

0.412 

0.684 

0.428 
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ii. E k t r a p l a t i o n  of 4 
Since no hydrogen values a r e  avai lable  fo r  t h i s  parameter, t he  values 

of Q fo r  N V w i l l  be estimated by using the behaviors exhibited i n  

Fig.6.11 by the  parameters of  the  2s -> ns, nd, nf and 2p -> np t ransi-  

t i o n s  of  N V. 

The parameter is very small fo r  the  d = 0 forbidden t r ans i t i ons  

from the ground s t a t e ;  a s  d increases,  9 a l so  increases,  but it seems 

t o  tend t o  a constant value. The value of 0 fo r  the  2p -> np t rans i -  

t i o n s  is a l so  observed to  be very small, being of the  order 0. Based on 

these considerations, t h e  following parameters w i l l  be used for  An >, 1 

forbidden t rans i t ions :  

No data  a r e  avai lable  a t  a l l  on the nP < 0 forbidden t rans i t ions .  

In  the case of allowed t r ans i t i ons ,  we observe t h a t  the  values of fo r  

1 -> 1' t r ans i t i ons  a r e  about ha l f  the  values of the  correspnding 

' - t rans i t ions .  Accordingly, we w i l l  use 



a s  an estimate of the  parameters of t he  on 3 1 bk< 0 forbidden tran- 

s i t i ons .  

4.3.b. a n  = 0 t r ans i t i ons  

"he m r k  of Burke (1966) on the 3s -> 3d t r ans i t i on  of N V provides 

the  only data  avai lable  on a n  = 0 forbidden t rans i t ions .  m e  parame- 

ters of  t h i s  t r ans i t i on  a re  DC = 0.138 and = -0.342. me 3s -> 3d 

cross-section is found t o  be about twenty times smaller than the  

3s  -> 3p one. This is surpr is ing,  e s p c i a l l y  s ince  the AJ! = 2 forbid- 

den t r ans i t i ons  dominate a l l  other t r ans i t i ons  i n  the A n a l  case. 

However, the  AM = 0 t r ans i t i ons  a r e  dominated by the  op t i ca l ly  allorwed 

t r ans i t i ons  (Bely and Van Regemorter, 1970). W e  use t h i s  f a c t  t o  e s t i -  

mate the  parameters c4 of An = 0 forbidden t rans i t ions .  

The 3s -> 3p exc i ta t ion  cross-section is proportional t o  

and the 3s  -> 3d cross-section t o  

Here E and a r e  i n  Rydbergs. m e  r a t i o  of eq. (6.30) t o  

eq. (6.29) fo r  N V is found t o  be 



We find t h a t  fo r  a ng' -> n $tl t r ans i t i on ,  the  absorption o s c i l l a t o r  

s t rengths  show la rge  var ia t ions  a s  1' increases. For example, t he  

1 -> 10 1 t r ans i t i ons  i n  N V have the following o s c i l l a t o r  

s t rengths  ( ~ i n d ~ z r d  and Nielsen, 1977) : 

This causes l a rge  var ia t ions  i n  the  values of K t  fo r  allowed t r ans i t i ons  

which a r e  not present i n  the  v a l u e s  of  K '  fo r  forbidden t r ans i t i ons  

s ince the l a t t e r  has no quant i ty  equivalent t o  the  former's o s c i l l a t o r  

strength.  I f  the  op t i ca l ly  allowed t r ans i t i ons  a r e  t o  dominate the  for- 

bidden t r ans i t i ons  i n  the  A n  = 0 case, t h e  values of & f o r  An = 0 

forbidden t r ans i t i ons  w i l l  have t o  exhib i t  va r i a t i ons  of the  kind seen 

i n  the  o s c i l l a t o r  s t rengths  (6.32) . 

One way of achieving t h i s  is t o  use the  r a t i o  



for  a l l  An = 0 t rans i t ions .  Using the de f in i t i ons  of  K' and the f a c t  

t h a t  E n ~ 4  n & ~ ' + ~  " Efirl+ 1 w e  obtain  

and s ince o( +, r j (eq.6.26) , we f i n a l l y  g e t  

This r e l a t i on  provides crude estimates of  the  parameters o( fo r  AQ = 0 

forbidden t rans i t ions .  These a r e  given in  Tab.6.12. 

We estimate the  parameters a s  follows: s ince  Q = -0.342 fo r  the 

3 s  -> 3d t r ans i t i on ,  and since b -1 f o r  a l l  n n  = 0 allowed transi-  

t ions ,  an average value of r -9.5 is used for  a l l  An = 0 forbidden 

t rans i t ions .  

4.4. Parameters of the  ions C N and 0 VI - - -------- 

The parameters for  the t r ans i t i ons  fo r  the  2s and 2p s t a t e s  of  the  

ions C I V  and 0 VI a r e  known and a re  given i n  Tables 5.1 t o  6.6. The 

parameters for  a l l  the  other  t r ans i t i ons  fo r  which no data  a r e  avail-a- 

ble ,  a r e  obtained from the parameters of t he  ion N V by the  following 

method. 

?he quant i ty  z4 G,I,,(u) is independent of Z f o r  hydrogenic ions 

i n  the  Born approximation (Tully, 1973). Tully and Pe t r in i  (1974) men- 

t i on  t h a t  a t  su f f i c i en t ly  high impact energies,  t he  CoulombBorn approx- 



Table 6.12 - Ex t rapo la ted  values o f  t h e  parameter a f o r  t h e  c o l l i s i o n a l  
e x c i t a t i o n  o f  t h e  an=O fo rb idden  t r a n s i t i o n s  o f  t h e  i o n  N V. 

w 

T r a n s i t i o n  

4 9 4 d  
4 9 4 f  

4p+4f 

5 s 5 d  
5 s 5 f  
5-5g 

5 p t 5 f  
5 b 5 g  

5&5g 

6s+6d 
6s+6f 
6 s 6 g  
6s+6h 

6 p 6 f  
6P-a 
6 p 6 h  

6d+6g 
6d+6h 

Parameter 

0.1 
0.1 

0.02 

0.1 
0.1 
0.1 

0.03 
0.03 

0.001 

0.2 
0.2 
0.2 
0.2 

0.03 
0.03 
0.03 

0.001 
0.001 

0.0002 
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imation reduces t o  the  Born approximation: f o r  the  2s -> np t r ans i t i ons  

i n  l i t h i m - l i k e  ions, the  tm approximations d i f f e r  by l e s s  than 10% for  

U 3 8. Since the excited s t a t e s  of  the  l i t h i m - l i k e  ions a r e  c lose ly  

hydrogenic, we can expect t h a t  the  quant i ty  ;fr46,,,,(u) w i l l  a l so  be 

approximately independent of Z f o r  these ions. 

The cross-section for  e lectron impact exc i ta t ion  of allowed t ransi-  

t i o n s  is given by eq. (6.6), viz.  

where Ehln is i n  Rydbergs. For l a rge  U, the  CoulombBorn approximation 

appl ies  and we then have 

4 (2) 
Given t h a t  2 (u) is approximately independent of t he  ion con- 

sidered,  we g e t  

Since g, is re l a t i ve ly  independent of 2 ,  and s ince , & I ( I . ~ s  P , U )  is 

a slowly varying function of  /lz, we can drop the  t e n s  containing 
kz  

out of eq.(6.37) and wri te  



For hydrogenic ions, t he  o s c i l l a t o r  strength is independent of Z and, a s  

a f i r s t  approximation, we can use for  l i th ium-l ike  ions 

to simplify the  calculations.  W e  thus  obtain 

I n  Tab.6.13, we compare the r e s u l t s  obtained from eqs. (6.38) and 

(5.40) fo r  the  2 s  -> 5p t r ans i t i on  with the  values obtained from 

Bely' s (1966a) calculations.  Although eq. (6.401 is more approximate 

than eq.(6.38), it g ives  be t t e r  resu l t s .  ?his shows the  approximate 

nature of t h i s  method. W e  w i l l  thus use 

and 

to ca lcu la te  the  values of  c# f o r  the  allowed and forbidden t r a n s i t i o n s  

of  the  ions C I V  and 0 VI fo r  which no data a r e  available.  



Table 6.13 - Value of  t h e  parameter a f o r  t h e  2s-+5p t r a n s i t i o n  
of C IV and 0 VI a s  c a l c u l a t e d  from var ious  equat ions .  

a n ' n  
. 

Eq. (6.38) 

Eq.(6.40) 

0.858 

0.947 

0.853 

0.798 

- 

- 

0.765 

- 
0.714 

0.761 



The values of  the  parameters p and 4 for  these t r ans i t i ons  w i l l  be 

set equal t o  the  parameters.of t he  corresponding t r ans i t i ons  i n  N V. 

?here a r e  several  reasons which j u s t i f y  t h i s  choice of parameters: The 

e x t r a p l a t e d  values of k and 4 for  N V have l a rge  uncer ta int ies ,  and 

s ince the  known values of these parameters for  the  ions C IV, N V and 

0 VI a r e  a l l  qu i t e  c lose ,  we can expect t h a t  t he  unknown p rame te r s  of  

C I V  and 0 VI w i l l  f a l l  within the range of uncertainty associated with 

the  parameters of  N V. Since a f f e c t s  the  cross-section only a t  low 

values of U, and since the cross-section depends on the natural  logar- 

ithm of f3, the  cross-section w i l l  be l e s s  affected by l a rge  uncertain- 

t ies i n  f and 4, than by corresponding uncer ta int ies  i n  o( . This is 

more f u l l y  discussed i n  the  following Section. 

4.5. Estimated e r ro r s  i n  the  extrapolated parameters - - -- 

The e r r o r s  i n  the extrapolated parameters a r e  d i f f i c u l t  t o  evaluate. 

Reasonable estimates of the  uncer ta int ies  associated with them can how- 

ever be obtained and a re  given below. 

a. The e r r o r  i n  the  e x t r a p l a t e d  values of  o( is estimated t o  be l e s s  

than a factor  of tw i n  most cases,  based on the f a c t  t h a t  the  parme- 

t e r s  o( show l i t t l e  var ia t ion  and t h a t  hydrogen values a r e  used a s  

guidel ines  i n  the  extrapolation procedure: Since o( has a constant 

value for  the allowed t r ans i t i ons  of  hydrogen, the  allowed t r a n s i t i m -  

parameters can be expected to  be more accurate than the forbidden tran- 

s i t i o n  parameters. It should a l so  be noted t h a t  t h i s  e r ro r  estimate 

does not  hold for  An = 0 forbidden t rans i t ions ;  these,  a s  explained 

previously, have l a rge  uncer ta int ies  which cannot be estimated. How- 
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ever,  t he  overa l l  e f f e c t  of these l a rge  e r r o r s  is negl ig ib le  s ince 

A0 = 0 t r a n s i t i o n s  a r e  s t rongly dominated by the  op t i ca l ly  allowed 

t rans i t ions ,  

b. An e r r o r  of 30.5 is assigned t o  . Since i n  most cases,  

0 Q 4 1 f o r  An2 1 t rans i t i ons ,  such an e r r o r  estimate is reasona- 

ble. For Arl = 0 t r ans i t i ons ,  -1 c 4 4 0, and again, the  e r r o r  esti- 

mate is compatible with t he  range of  values of  +. 
c. The e r r o r  i n  the  e x t r a p l a t e d  values of  f3 is very d i f f i c u l t  t o  

estimate due t o  the wide range of values which the  parameter can take. 

Howver, we estimate t h i s  e r r o r  t o  be a fac tor  of about four i n  most 

cases. Since the minimum value of  f3 is 0.8, t h i s  e r r o r  estimate s e t s  

t he  regular range of (3 t o  0.8 S f C 12.8, with a geometric mean of 

3.2, t he  value of  f3 obtained from the Born approximation. 

?he e r r o r  estimates i n  the  e x t r a p l a t e d  parameters may be summarized 

a s  follows: 



'The e f f e c t  of  these uncer ta int ies  on the cross-sections depends on the  

parameter considered. Tne following r e l a t i ons  a r e  derived from 

eqs.(6.6) and (6.11): 

We see t h a t  the  e r ro r  i n  the  parameter o( dominates t he  e r r o r  i n  the  

cross-section because the e r r o r s  i n  the  parameters f3 and 9 a r e  

decreased by a fac tor  An ( I . ~ s ~ u )  and (U- 0) respectively. ?his is 

due t o  the  f a c t  t h a t  o( is a fac tor  hhich determines the  magnitude of 

t he  cross-section vhereas 9 is rela ted t o  the  value of the  cross-sec- 

t i on  a t  threshold, and f3 t o  the  width of  the  peak observed i n  the  

cross-section. 

5. CROSS-SECTIONS INVOLVING AVERAGE STATES - 

The cross-sections of  average s t a t e s  can be obtained from the indivi- 

dual cross-sections with the  summation ru l e s  (Moiseiwitsch and 

Smith, 1968) 



where Wnla, and C ~ , I  a re  the s t a t i s t i c a l  weights of l e v e l s  nlL'  and n' 

2 
respectively. With dkl, = z ( 2 R ' i .  I) and b&= n' , we g e t  

5.1. n'k' -> n t r ans i t i ons  -- --- 

The cross-sections of  these t r ans i t i ons  a r e  calculated from a simpli- 

f i ed  form of eq. (6.45) : 

This s impli f icat ion is possible because of t he  following observed behav- 

i o r s  of  t he  individual cross-sections. 

Since the  aR < 0 cross-sections a r e  very much smaller than the 

A& 3 0 cross-sections, they can be deleted from the sum (6.45). We 

fur ther  neylect  the  a1 3 6 cross-sections due t o  the following charac- 

t e r i s t i c s  of  AI 3 0 t rans i t ions :  

i . l a rge  a n :  For la rge  A ~ I  t r ans i t i ons ,  t he  n' 1' -> n cross-sec- 

t i o n s  a r e  dominated by the  n ' ~ '  -> n l  cross-sections with very low 

pos i t ive  values of A A .  This is due t o  the  f a c t  t h a t  a t  low values of 

U, t he  average cross-section is domjnated by the AR = 2 cross-section, 

and a t  high values of U, by the  AR = 1 cross-section due t o  its logar- 

i&ic dependence on U. 
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ii . small A n  : The average cross-section is still dominated by the  

AI = 2 cross-section a t  low values of U and by the  AR = 1 cross-sec- 

t i on  a t  high values of U. Howver, t he  contr ibut ion from cross-sections 

with higher pos i t ive  values of  & increases. 

iii. Avl = Cil: The average cross-section is dominated by the  = 1 

allowed t rans i t ion ;  t he  contr ibut ions  of  forbidden t r ans i t i ons  a r e  

almost negl ig ible .  

The cross-sections obtained f a r  the n ' l '  -> n t r ans i t i ons  by applying 

the summation ru l e  (6.48) a r e  f i t t e d  t o  eq. (6.6).  The resul t ing s e t s  of 

parameters f o r  the t r ans i t i ons  used in  t h i s  wrk a r e  then averaged a s  

follows : 

i. an = 0 t r ans i t i ons ,  n s  -> n (1 > I >  : The averag'e of the  availa- 

ble  s e t s  of  parameters g ives  

*ere the  e r r o r s  given a r e  the  standard deviat ions  of the  averaged data. 

ii. A n 3 1  t r ans i t i ons ,  n V R ' - >  n (R31)  and n 'R1-> n: The same 

s e t  of parameters is obtained for  t he  n'R' -> n (k 3 I ) and n 'Rt  -> n 

t r ans i t i ons  because the n 'R '  -> ns t r a n s i t i o n  contr ibutes  very l i t t l e  t o  

the n' A' -> n cross-section. 
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Almost a l l  values of  a r e  found t o  l i e  within the  range 

1.40 6 /3 6 1.50; t he  average value of f% is 

where the  e r ro r  is the  standard deviation of  the  data.  The values of oc 

and c/ show more var ia t ion;  however, s ince  a more o r  less constant value 

of p is obtained for  these t r ans i t i ons ,  constant values of c( and 4 
should a lso be expc ted .  We thus average those values of o: and C/J for  

Jnich the  correspnding value of k l i e s  within one standard deviation 

of the  average (6.50): 1.39 4 fi 4 1.51. W e  obtain  

where the e r r o r s  a r e  the  standard deviat ions  of  t he  data. 

In  conclusion, t he  following sets of  parameters a r e  used for  the  

n1 1' -> n t rans i t ions :  

i. A n  = 0 t rans i t ions ,  n s  -> n (1 31) 

ii. An >/ 1 t rans i t i ons ,  n ' 1 ' - >  n ( 1 3 1 )  and n lR '  -> n 



5.2. n' -> n t r ans i t i ons  -- - -- 
Using the summation ru l e  (6.46), viz .  

and eq. (6.6) t o  represent the  cross-section for  the  n ' l '  -> n t ransi-  

t ion ,  we g e t  

h e r e  P(, p , and 9 a re  constants given by r e l a t i ons  (4.53) and Em',, 

is i n  Rydbergs. Since the values of 4 , f3 , and 4 a r e  approximate, we 

can put EnlAt,, independent of 1' t o  simplify the  evaluation of t he  quan- 

t i t y  i n  square brackets: *. Emm . Then we have 

Since (see Section 4 of Chapter IV)  



eq. (6.55) becomes 

To a good approximation, the equation 

thus holds for the n' -> n transitions. 

5.3. n ' ( ~ ' 2 1 )  -> ns transitions - - -- 

A few transitions of this kind occur in the configuration of levels 

used in this mrk. Summing over the final states and averaging over the 

initial states (Moiseiwitsch and Smith, 1968), we obtain the summation 

rule 
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We use eq. (6.59) t o  add the individual cross-sections and we f i t  the 

resu l t ing  data t o  eq. (6.6) . ?he following set of parameters approxi- 

mates the  n' ( 1 ' 3  I )  -> ns cross-sections: 

A s  expected for  hR. < 0 t r ans i t i ons ,  o( is very small. 

6. COLLISIONAL EXCITATION RATE COEFFICIENTS - 

The r a t e  coef f ic ien t  fo r  co l l i s iona l  exc i ta t ion  of the  n' -> n tran- 

s i t i o n  by e lec t ron  impact is given by (Drawin, 1965) 

where v is the  ve loc i ty  and f (v) the ve loc i ty  d i s t r i bu t ion  of t he  inci- 

dent electrons.  Here n' and n represent a l l  the quantum nmbers  of the  

s t a t e s  considered. Using the  Maxwellian ve loc i ty  d i s t r i bu t ion  

and expressing eqs.(6.61) and (6.62) in terms of t he  k ine t ic  energy E of 

the  incident e lectron,  we obtain 



With threshold energy u n i t s  U = E / E d , ,  eq.(6.63) becomes 

Enpn 
00 

% 1, %-+n ( u )  eoT u du. 

W e  write the cross-section a s  

where 

for  allowed t rans i t ions ,  and 

f o r  forbidden t rans i t ions .  With En,,, i n  Rydbergs and T i n  K, we have 

where 



and 6 = 157 1 890- E nln 
T 

In  par t icu la r ,  we def ine the functions 

for  allowed t rans i t ions ,  and 

fo r  forbidden t rans i t ions .  

7.  EVALUATION OF THE INTEGRALS - ---- 
We f i r s t  evaluate the  simpler in tegra l  D3 ( a, 4; 0 )  . With the  sub- 

s t i t u t i o n  x = 0 U  i n  eq. (5.72) , we obtain the  in tegra l  

*ich is e a s i l y  evaluated: 



E, ( 8) is the  exponential in tegra l ,  

The in tegra l  Da (H, f., 4 ; 9) is evaluated by putt ing r = QU in  

eq.(6.71). W e  g e t  

Expanding the logarithmic term, eq. (6.76) beco~nes 

The in t eg ra l s  of  eq. (5.78) have already been evaluated for  hydrogen i n  

Appendix C. They a r e  



El (4 dy  ' h e r e  ~ 1 ( 6 ) = / e  

Analytical approximations t o  t h i s  function a r e  given i n  Appendix C. 

Using eqs.(6.79) and (6.88) in  eq.(6.78), we obtain 

which can be rearranged in  terms of  Dt (a, ;e) t o  g ive  

8. COMPARISON WITH HYDROGENIC VALUES - 

We wish t o  compare the 1 ithiun-like and ' hydrogenic c o l l  i s ional  exci- 

t a t i o n  r a t e  coe f f i c i en t s  of  t he  t r ans i t i ons  between the average s t a t e s  

n' and n of these ions. The average r a t e  coe f f i c i en t s  of the  n' -> n 

t r a n s i t i o n s  a r e  obtained from the individual n ' l '  -> n 1 r a t e  coeff i- 

c i e n t s  by summation r u l e s  which we now derive. 
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The excitation cross-sections obey the surmation rules (5.45) and 

(6.46), viz. 

Integrating these expressions over a free electron velocity distribution 

f (v) , we obtain 

and 

From the definition of the collisional excitation rate coefficient, 

eq. (6.61) , we thus have the smmation rules 



A sa t i s f ac to ry  comparison of t he  hydrogenic and lithium-like r a t e  

coe f f i c i en t s  is d i f f i c u l t  s ince the  average r a t e  coe f f i c i en t s  fo r  exci- 

t a t i o n  of hydrogenic ions a r e  obtained by neglecting the forbidden tran- 

s i t i ons .  On the other  hand, t he  l i t h i m - l i k e  r a t e  coe f f i c i en t s  

c , ,  ( )  obtained from eqs. (6.86) and (6.87) include a l l  t r ans i t i ons  

and thus they cannot be compared d i r e c t l y  with t he  hydrogenic values 

calculated from the w r k  of Drawin (1963, 1964, 1966) (see Section 5 of 

Chapter 11) . Homver, we w i l l  compare the  hydrogenic values of 

Cnl-n (T) with the  1 i th im- l ike  values obtained by carrying out the  

s m a t i o n s  (6.85) and (5.87) over allowed t r ans i t i ons  only, and a l so  

over a l l  t r ans i t i ons  (allowed + forbidden). W e  w i l l  thus be ab le  t o  

compare d i r e c t l y  a l l  t r ans i t i ons  with n Q 6; ' f o r  t r ans i t i ons  t o  s t a t e s  

n 3 7, d i r e c t  comparison is not  possible s ince  the contr ibut ion of the  

forbidden t r ans i t i ons  t o  the  average r a t e  coe f f i c i en t s  of  the  l i t h i m -  

l i k e  ions is not known. 

I n  Fig.6.21 and 6.22, t he  r a t e  coe f f i c i en t s  f o r  exc i ta t ion  frorn the 

s t a t e s  n '  = 2, 3, 4, and 5 t o  a l l  s t a t e s  n 4 11 of N V and a hydrogenic 

ion with Z = 5 a re  given a t  temperatures of.16,000 K and 256,EMB K. The 

average r a t e  coe f f i c i en t s  of t he  l i th iun-l ike ion N V s m e d  over 

allowed and forbidden t r a n s i t i o n s  a r e  found t o  be grea te r  than the  cor- 

responding hydrogenic r a t e  coe f f i c i en t s  by a f ac to r  of up t o  ten. This 

is p a r t l y  due t o  a s ign i f i can t  contr ibut ion o£ forbidden t rans i t ions .  

Homver, we a l so  observe t h a t  the  l i t h i m - l i k e  averagz r a t e  coe f f i c i en t s  
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s m e d  over allowed t r ans i t i ons  only a r e  la rger  than t h e i r  hydrogenic 

counterparts a t  l a rge  An by a fac tor  of up t o  three,  whereas, f o r  lower 

values  of a n ,  they a r e  of comparable magnitude. Since Drawin's hydro- 

genic r a t e  coef f ic ien ts  a r e  a l so  approximate, t he  agreement be twen the 

l i t h i w l i k e  and the hydrogenic r a t e  coe f f i c i en t s  s m e d  over allowed 

t r ans i t i ons  only is qu i t e  reasonable, espec ia l ly  when uncer ta int ies  a r e  

taken in to  consideration. Drawin's results should be good t o  within a 

f ac to r  of tm,  and the l i t h i m l i k e  coe f f i c i en t s  t o  a fac tor  of four o r  

more (see S e c t i o n 9  of t h i s c h a p t e r ) .  Thesegivepossibleerrorsof a 

f ac to r  of e igh t  o r  more vhich is w e l l  over the  fac tor  of th ree  mentioned 

above. 

9. AEUR?lCY OF THE RATE COEFFICIENTS - --- 

The accuracy of t h e  exc i ta t ion  r a t e  coe f f i c i en t s  depends on how good 

the  avai lable  cross-sections and the  extrapolated parameters are. 

The accuracy of t he  cross-sections of  the  2s -> ns, np, nd, nf and 

2p -> ns, np, nd t r ans i t i ons  is discussed by Bely (1966a, b) and Bely 

and Pe t r in i  (1970). The 2s -> 2p cross-section is accurate t o  within a 

few percent ; the  cross-sections of  t he  other  t r ans i t i ons  a r e  r e l i a b l e  

t o  within a fac tor  of  tm fo r  the  f i r s t  few ions of  t he  l i t h i u n  isoelec- 

t ron ic  sequence. However, a s  Z increases,  t he  Coulomb-Born approxima- 

t i o n  gives  be t t e r  results and the accuracy of  the  cross-sections becomes 

b e t t e r  than a f ~ c t o r  of  tm. The r a t e  coe f f i c i en t s  f o r  exc i ta t ion  of 

t h e  2s and 2p s t a t e s  of  C IV, N V, and 0 VI a r e  thus within less than a 

f ac to r  of tw of t he  actual  ones. 
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For the  exc i ta t ion  of the  3 s  and higher s t a t e s  of  C IV, N V, and 

0 VI, t h e  accuracy of t he  cross-sections depends on how r e l i a b l e  the  

extrapolated parameters of  these t r ans i t i ons  are.  A s  eq. (6.44) shows, 

t h e  e r r o r  i n  the  cross-section w i l l  thus be dominated by the  e r r o r  i n  

t he  parameter c(. U is r e l i a b l e  t o  b e t t e r  than a fac tor  of tm; h o w  

ever the  e r r o r s  i n  p and 4 w i l l  increase the  e r r o r  estimate of  the  

cross-section t o  a b i t  higher than a fac tor  of tm. Since the  parame- 

ters a r e  extrapolated from the da ta  on the  exc i ta t ion  of  the  2s and 2p 

s t a t e s ,  and s ince these data  a r e  i n  e r ro r  by l e s s  than a fac tor  of  tm,  

t h e  extrapolated cross-sections should approximate the actual  ones t o  

within a fac tor  of -4 i n  most cases. The r a t e  coe f f i c i en t s  f o r  excita- 

t i o n  o f  t he  3s  and higher s t a t e s  of  C IV, N V, and 0 VI w i l l  thus be, i n  

most cases,  within a fac tor  of ~4 of t he  actual  ones, with a possible 

maximum e r ro r  of a fac tor  of t en  because the  l i t h i m - l i k e  r a t e  coeffi-  

c i e n t s  a r e  within a fac tor  of t en  of t he  corresponding hydrogenic coef- 

f i c i e n t s  a s  seen i n  Fig.6.23. 

This e r r o r  estimate appl ies  t o  a l l  t r ans i t i ons  with t he  exception of 

t h e  An = 0 t rans i t ions .  The uncertainty i n  the  r a t e  coe f f i c i en t s  of  

An = 0 allowed t r ans i t i ons  must be increased because of t he  l a rge  e r ro r  

i n  the  o s c i l l a t o r  s t rengths  associated with these t r ans i t i ons  (see Sec- 

t i on  3.3.b of Chapter IV) . Furthermore, t he  parameters of  the  An = 0 

forbidden t r ans i t i ons  have been obtained by a very crude method, and no 

estimate whatsoever of the  resul t ing e r r o r s  can be given. Fortunately, 

An = 0 forbidden t r ans i t i ons  contr ibute  very l i t t l e  t o  a n  = 0 t rans i -  

t i o n s  and t h e i r  e f f e c t  is thus qu i t e  negligible.  I t  is t o  be understood 

t h a t  the  e r r o r  analysis  given i n  t h i s  Chapter is co r rec t  a s  long a s  no 

exc i ta t ion  of the  inner s h e l l  e lec t rons  occurs. 
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F I G U R E  6.21 - E L E C T R O N  I M P A C T  E X C I T A T I O N  R A T E  
C O E F F I C I E N T  O F  N  V  AND OF A  H Y D R O G E N I C  
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F I G U R E  6.22 - E L E C T R O N  I M P A C T  E X C I T A T I O N  R A T E  
C O E F F I C I E N T  O F  N V AND O F  A H Y D R O G E N I C  
I O N  W I T H  Z = 5  A T  T - 2 5 6 0 0 0 K .  
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Chapter VII 

C IV, N V, AND 0 VI: COLLISIONAL DE-EXCITATION RATE COEFFICIENTS Af4D 
THREE-BODY RECOMBINATION RATE COEFFICIENTS 

1. INTRODUcTIoN - 

The r a t e  coe f f i c i en t s  for  the  co l l i s iona l  de-excitation of an ion by 

e lec t ron  impact and for  three-body recombination a r e  re la ted t o  the r a t e  

coe f f i c i en t s  of  t he  inverse processes of  e lec t ron  impact exc i ta t ion  and 

ionizat ion respect ively by the pr inciple  of de ta i led  balancing (see Sec- 

t i on  6 of Chapter 11) . 

2. THREE-BODY RECOMBINATION RATE COEFFICIENT - 

The r a t e  fo r  three-body recombination of a f r e e  e lectron in to  s t a t e  n 

of  an atom or  ion is given by (Drawin, 1963) 

&ere U; is the  pa r t i t i on  function of the  ion before recombination, w, 

is the  s t a t i s t i c a l  weight of the  recombined electron i n  s t a t e  n,  

0, = 1, / k-j- , I, is the  ionization poten t ia l  of leve l  n, and S, ( T )  

is the  co l l i s iona l  ionization r a t e  coeff ic ient .  Numerically, f o r  T i n  

Kelvin and S, (T) in  crn3/s, 

Subst i tut ing fo r  S, (T) from eq. (5.11) , 
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where 1, is i n  Rydbergs. Alternatively,  

and El (en) is the  exponential in tegral .  For la rge  values of  en, 
eq. (7.5) can be evaluated with eq. (2.72). The accuracy of  the  r a t e  

coe f f i c i en t s  calculated with eq. (7.4) is comparable t o  t h a t  of  t he  col- 

l i s i o n a l  ionization r a t e  coef f ic ien t  S, (T) used in  eq. (7.2) and is 

discussed i n  Section 6 of Chapter V. 

The r a t e  coef f ic ien t  f o r  recombination of an e lectron in to  an average 

s t a t e  n can be obtained from the r a t e  coe f f i c i en t s  for  recombination 

in to  the individual nA s t a t e s  .of n from the following summation rule.  

From eq. (5.19), the  s m a t i o n  ru l e  fo r  co l l i s iona l  ionization r a t e  coef- 

f i c i e n t s  is 

h e r e  ~ , , g  and W ,  a re  the s t a t i s t i c a l  weights of l eve l  nL and of the  

average l eve l  n respectively.  From the pr inc ip le  of de ta i led  balancing, 

S,, (T) is rela ted t o  o(, (T) by eq. (7.1) : 



'where /( = + ( m m  k 7)''' 
h 

. 

Subst i tut ing for  S n A ( ~ )  and S,CT) in to  eq.(7.6) from eq.(7.7), we 

obtain  

vhich becomes 

AS n increases, 0, 2 @&, and 

3. COLLISIONAL DE-EXCITATION RATE COEFFICIENT - 
The r a t e  coef f ic ien t  fo r  de-excitation of a bound electron from s t a t e  

n t o  n' by e lec t ron  impact is given by (Drawin, 1953) 

e*"" Cnkn IT) ... (7.11) 

h e r e  GJ,~ and 0, a re  the s t a t i s t i c a l  w i g h t s  of  s t a t e s  n' and n respec- 

t ive ly ,  , ,  = E n  / T , E,,, is the  energy separation of  l e v e l s  n '  and 

n, and C,,,, (T) is the  co l l i s iona l  exc i ta t ion  r a t e  coef f ic ien t .  Sub- 

s t i t u t i n g  fo r  C,~,,(T) from eq.(6.68), eq.(7.11) becomes 



where 

For forbidden t rans i t ions ,  

and fo r  allowed t rans i t ions ,  

% = f n t m  

a, (T) = oa ( N , B ,  +; 0) 

= ln (/.2sp) D! (4 /,/j 0)  

-+ &[~ , ( e )  0 - +o e,lo)] 



where fhn is the  absorption o s c i l l a t o r  s t rength fo r  the  n' -> n tran- 

s i t i o n ,  

and a l l  o ther  quan t i t i e s  a r e  a s  defined in  Chapter VI. m e  evaluation 

of  eq. (7.18) is discussed i n  Appendix C. It should be noted t h a t  the  

parameters oc, g ,  4, and 9 a r e  equivalent t o  the subscripted parme- 

t e r s  o(,,I,,, fdn. +ntnf and on,, respectively. For l a rge  values of  ef  
eq.(7.15) and (7.17) a r e  wri t ten a s  

and 

*ere E: ( 0 ) =  e e  E1(8)  is evaluated with eq0(2.72) and 

G: ( 8 )  = e o  6 1  (0)  is evaluated i n  Appendix C. The accuracy of 

eq0(7.12) is comparable t o  t h a t  of t he  co l l i s iona l  exc i ta t ion  r a t e  coef- 
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f i c i e n t s  from which it is evaluated. A discussion of t h i s  accuracy is 

given i n  Section 9 of Chapter VI. 



a a p t e r  VIII 

C IV, N V, AND 0 VI: RADIATIVE RECOMBINATION RATE COEFFICIENTS 

1. INTRODUCTIOI~ - 

The rad ia t ive  recombination r a t e  coe f f i c i en t s  of a l a rge  number of 

s t a t e s  of  the  l i th iun-l ike ions C IV, N V, and 0 VI a r e  required i n  t h i s  

w r k .  Some ca lcu la t ions  of photoionization cross-sections, from *ich 

the  rad ia t ive  recombination r a t e  coe f f i c i en t s  can be obtained by the  

appl icat ion of t he  pr inciple  of de ta i led  balancing (see Section 6 of 

Chapter 11) , a r e  available.  But only a l imited number of s t a t e s  a r e  

covered by these calculat ions .  Howver, more general methods, Erom 

&ich approximate values of  the  cross-sections can be obtained, a r e  

available.  

2. AVAILABLE DATA - 
The lower quantun s t a t e s  have been well investigated by several  wrk -  

ers and with various methods. The following is a list of t he  more impr- 

t a n t  papers: 

Varsavsky (1963): 2s, 2p, 3s, 3p, 3df 4s,  4p s t a t e s  of  0 VI; 

Ivanova (1964) : 2s, Zp, 3s, 5s s t a t e s  of  N V and 0 VI; 

Hidalgo (1968) : 2s, 2p, 3s s t a t e s  of  C IV; 

2s f  2p s t a t e s  o f  N V; 

Leibowitz (1972): 2s, 2p, 3s, 3p, 4s, 4p, 5s, 5p, 

6s, 6p, 7s, 7p s t a t e s  of  C IV; 

Missavage and Manson (1972): 2s s t a t e  of  0 VI; 



John and Morgan (1973) : 2s s t a t e  of C IV; 

Tiwar i e t  a l .  (1975) : 2s s t a t e  of C IV, N V, and 0 V.. 

Most of  the  ca lcu la t ions  have been performed on the  ground and the f i r s t  

few excited s t a t e s ;  some higher excited s t a t e s  have been investigated,  

but i n  general ,  a s  n increases, t he  data become scarcer.  

There is good agreement between the various ca lcu la t ions  except a t  

and close t o  the threshold of ionizat ion where some values of the  

cross-sections d i f f e r  by a s  much a s  a. fac tor  of tm. However, t he  

r e s u l t s  of Tiwari e t  a l .  (1975) a re  systematically lower than the o thers  

by a fac tor  of 2 f o r  C I V  and ~ 1 . 5  fo r  N V but there  is good acjree- 

ment for  0 VI. Fig.8.1 shows the  photoionization cross-section of the  

2s s t a t e  of C I V  a s  calculated by various methods. 

3. CALCULATED DATA - 
The photoionization cross-sections of  l i t h i m - l i k e  quantum s t a t e s  

with low values of R can be calculated from a method which is an exten- 

s ion t o  bound-free t r ans i t i ons  of the  Coulomb approximation (Bates and 

Damgaard , 194 9) used in  the  calculat ion of bound-bound t r ans i  Lion proba- 

b i l i t i e s  (see Section 3.2 of Chapter I V ) .  In t h i s  context, it is usu- 

a l l y  referred t o  a s  the  quantum defect  method (QDM) . I t  was f i r s t  

developed by Burgess and Seaton (1958, 19601) and l a t e r  improved and 

extended by Peach (1967). 

W e  sha l l  use Rydberg energy u n i t s  throughout. k t  Id be the  ioni- 

zat ion potent ia l  of an e lectron i n  s t a t e  n P ,  bound t o  an ion of core 

charge Z; hu the  energy of t he  absorbed photon; kt '  the energy of the  

e jected electron.  The energy conservation condition is then 
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FIGURE 8 . 1  - COMPARISON OF THE PHOTOIONIZATION CROSS- 
SECTION OF THE 2 s  STATE OF C I V  CALCULATED 
WITH VhRIOUS METHODS 



and the photoionization cross-section (Burgess and Seaton, 1958) 

where 4lTda$/3  = 8 . 5 5 9 4 ~ 1 0 - "  an2, CIl = 1 , / ( 2 k + l )  f o r  

hydrogenic and l i th iun-l ike icns,  

fl is the  e f f ec t ive  quantum nunber of s t a t e  n l  defined by 

SRr = tZ/ n' ' , and the other  constants have t h e i r  usual meaning. 

( r ) and KrLt (r) denote respect ively the  i n i t i a l  s t a t e  bound rad ia l  

function and the f i n a l  s t a t e  continuum function of the  e jected electron,  

E' obeys the  r e l a t i on  k" = z 2 t '  and corresponds t o  the  C used by Sea- 

ton (1958a, 1966a, b) in  h i s  quantum defect  theory (QDT) (see Section 

9.1 of Chapter 111) . 

It is possible t o  write g ( n * l ;  t'l') a s  follows: 



is the  correct ion fac tor  t o  the  normalization constant of  the  wavefunc- 

t i o n s  (expressed a s  Whittaker functions) used i n  t he  Coulomb approxima- 

t i o n  and is given by Seaton (1966b) . )A~, (€  ' ) is the  q u a n t l .  defect  

function extrapolated t o  pos i t ive  values of the  valence e lec t ron  energy 

by using Seaton's (1966b) quantm defect  theory (see Section 9.1 of 

Chapter 111) . X ( 0 9  ; t 'A') and a function 6 ( tl'k; y') defined by 

a r e  tabulated by Peach (1967) . 

'Ihese t ab l e s  were interpolated with a parabolic formula t o  obtain the 

photoionization cross-sections of  n s  (2 C n h 9)  and np (2 S n 4 6)  

s t a t e s  of C IV, N V and 0 VI. ' A s  seen i n  Fig.8.2, t h e  cross-sections 

a r e  i n  c lose  agreement with t he  works previously mentioned which a l so  

include' values calculated with the  quantm defect  method. In view of 

t h i s  and of t he  need for  a consis tent  s e t  of data ,  we w i l l  use the  pho- 

to ionizat ion cross-sections calculated with the  quantum defect  method 

for  the  s and p s t a t e s  of the  ions C IV, N V, and 0 VI. 

Since d and higher 1 -value s t a t e s  of  l i t h i m - l i k e  ions a r e  c lose ly  

hydrogenic, t he  photoionization cross-sections of these s t a t e s  can be 

obtained from t ab l e s  of  hydrogenic values calculated by Burgess (1954) 



A - C A L C U L A T E D  W I T H  T H E  Q U A N T U M  
D E F E C T  METHOD O F  P E A C H  ( 1 9 6 7 )  

B - H I D A L G O  ( 1  968) r S C R E E N  I N C  
THEORY O F  L A Y Z E R  ( 1  959) 

X - L E I B O W I T Z  ( 1 9 7 2 )  8 S E M I -  
E M P I R I C A L  P O L A R I Z A T I O N  
P O T E N T I A L  METHOD O F  C A V E S  
AND D A L G A R N O  ( 1  9 7 1  

F I G U R E  8.2 - C O M F A R I S O N  O F  THE P H O T O I O N I Z A T I O N  C R O S S -  
S E C T I O N  OF THE 3s S T A T E  O F  C I V  C A L C U L A T E D  
W I T H  T H E  QUANTUM D E F E C T  AND OTMER METHODS 



256 

where a quant i ty  @ ( h l ; ~ ' 1 ' )  is tabulated and is rela ted t o  eq.(8.2) 

by t h e  r e l a t i on  

h e r e  K ' ~  = c' .  Fig.8.3 compares the  cross-sections obtained from Rur- 

ges.sV and Peach's t ab l e s  fo r  the  3d s t a t e  of 0 VI. W e  see  t h a t  the  

hydrogenic approximation is indeed ju s t i f i ed  for  d,  and thus a l so  for  

higher A -value s t a t e s  of  lithium-like ions. 

For those s t a t e s  n cjnich have been averaged over the individual 

s t a t e s  n l  , t he  method proposed by Seaton (1959) w i l l  be used t o  obtain 

the  rad ia t ive  recombination r a t e  coe f f i c i en t s  d i rec t ly .  This method, 

applicable t o  average hydrogenic s t a t e s ,  is based on the asymptotic 

expansion of t he  Gaunt fac tor  derived by Menzel and Pekeris (1935) (see 

Section 9 of Chapter 11). 

4. FIT OF THE DATA - ---- 

The calculat ion of t he  rad ia t ive  recombination r a t e  coe f f i c i en t s  from 

the photoionization data requires  t h a t  the  l a t t e r  be f i t t e d  t o  some s i m -  

p le  empirical algebraic expression. 

W e  m i t e  the  cross-section a s  a function of t he  energy of t he  inci- 

dent photon i n  un i t s  of  t he  threshold energy. From the energy conserva- 

t i on  r e l a t i on  (8.1), viz.  
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the threshold energy is 

and the energy of the  incident photon i n  threshold energy u n i t s  is 

The asymptotic behavior of the  photoionization cross-section is knoxn t o  

be (Ivanova, 1964; Fano and Cooper, 1958) 

This suggests using a semi-empirical function of t he  £om 

k e r e  C and bk , k = 1, . . . , m a r e  f i t  parameters. A s imilar  expression 

has been propsed  by Seaton (1958b) but he includes only the  terms of 

order 0 and 1 i n  the sum. Since the r a t e  coef f ic ien t  is calculated by 

integrat ing the cross-section over a Maxwell ian energy d i s t r i bu t ion  

flmction, the  parameter p is assigned in tegra l  o r  half-intey r a l  values 

t o  f a c i l i t a t e  the evaluation of these integrals ;  t h e  same r e s t r i c t i o n  

has been used by Henry (1970). Furthermore, p and m a r e  r e s t r i c t ed  t o  

the  range of values 0 c p 4 5 and 1 4 m d 9 t o  simplify the  evaluation 

and improve the accuracy of the  integrals ;  t h i s  is more f u l l y  explained 

i n  the  following pages. 
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The function (8.11) is f i t t e d  t o  the  cross-section da ta  of  s t a t e  n l  

by using a l e a s t  squares method i n  which the  sum of ' t h e  squares of the  

r e l a t i v e  differences  between the f i t  and the actual  values of the  

cross-section is minimized. This procedure provides a uniform f i t  fo r  

a l l  values of  t he  cross-section, l a rge  o r  m a l l  (see Appendix D) . 

The set of  parameters which bes t  f i t s  the  cross-section of s t a t e  nR 

is then derived a s  follows: su i t ab l e  values of p and of m a r e  chosen; 

t he  ensuing conditions imposed on the parameters C and bl,, k = 1, ..., 
m by the  f i t t i n g  procedure r e s u l t  i n  a s e t  of l i nea r  equations which is 

solved nunerically f o r  the unknowns C and bk, k = 1, ..., m. This is 

repeated for  a l l  allowed values of  p and m, and the resu l t ing  s e t s  of 

parameters a r e  analysed and a bes t  s e t  chosen. Several f ac to r s  a f f e c t  

t h i s  choice. 

i .  W e  def ine a r e l a t i v e  deviation 

where Xt is the  i* value of t he  cross-section for  photoionization 

from s t a t e  nR ; N such values corresponding to  d i f f e r en t  values of t he  

energy U a r e  available.  AX; is the  difference between x; and the f i t  

- 
value 2; : AX;  = X i  - xi . (The standard deviation is defined a s  (Yen- 

ney and Keeping, 1954, p.77) 
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Evidently, R, should be a s  small a s  p s s i b l e ;  f o r  R, ( 0.180 x 1ge2, 

t he  difference between the actual  r a t e  coe f f i c i en t s  of hydrogenic ions 

given by Burgess (1964) and the  values calculated by integrat ing 

eq. (8.11) is about 0.2% a t  temperatures of  l I O B O , f l B O  K and 0.02% a t  

500,000 K provided the following c r i t e r i a  a r e  a lso sa t i s f i ed .  

ii. We def ine a quant i ty  

where bk, k = 1 ,  ..., m a r e  t h e f i t p a r a m e t e r s .  '~%evalue of R, 

should be a s  la rge  a s  p s s i b l e .  The reason fo r  t h i s  i s  t h a t  the  terms 
M 

i n  the  sum L bR /uh a r e  usually arranged i n  p a i r s  i n  which the t e rn~s  
k=1 

a l t e rna t e  i n  s ign and a r e  of comparable magnitude; t h i s  causes s ign i f i -  

cant  cancel la t ions  i n  the  sun and thus l o s s  of s ign i f i can t  d i g i t s .  For 

RT b 0.5, the  evaluation of t he  sum w i l l  not increase the e r ro r  e s t i -  

mate quoted previously i n  fac tor  i. 

iii. The r a t e  coef f ic ien t  is obtained by integrat ing the cross-sec- 

t i on  over an e x p n e n t i a l  function of negative argument. As is seen i n  

Fig.8.4, the  l a rges t  contribution t o  the  r a t e  coef f ic ien t  comes from the 

region of  low values of  U; em@asis s h o d 6  therefore be put on those 

parameters which provide a good f i t  a t  low values of U. 

iv.  The smaller the  values of p and m a re ,  the  ea s i e r  the  r a t e  coef- 

f i c i e n t  is t o  evaluate. The smaller number of operations done fur ther  

minimizes the  l o s s  of s ign i f i can t  d i g i t s  due t o  truncation e r rors .  
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SECTION, a d ( U )  , AND THE INTEGRAND OF THE 
R A D I A T I V E  RECOMBINATION RATE COEFFICIENT, 
B&(U tT ) .  FOR THE 2 p  STATE OF C I V .  
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These c r i t e r i a  may not  a l l  be s a t i s f i e d  simultaneously; it then* 

becomes necessary t o  compromise between them t o  obtain the  bes t  s e t  of 

paraneters. Under these c i rcmstances ,  the  following order of decreas- 

ing impr tance  was assigned t o  the factors :  i i ,  i t  iii,  iv .  Tables 

8.1, 8.2, and 8.3 give the  bes t  s e t s  of f i t  parameters adopted for  the  

s t a t e s  of the  ions C IV, N V, and 0 VI respectively. 

5. RADIATIVE RECOrnINATIrn RATE COEFFICIrnT - -.--- - 
The rad ia t ive  recombination r a t e  coeff i 'cient is obtained from the 

I>hotoionization cross-section by applying the pr inciple  G£ deta i led  

balancing. The rate coef f ic ien t  is then given by (Seaton, 195Rb) 

T is the  f r ee  e lectron temperature, w d  t he  s t a t i s t i c a l  w i g h t  of l eve l  

n e  , w: t he  s t a t i s t i c a l  weight of the  f i n a l  ior.. and the other  sflbols 

have t h e i r  usual meanirly . Using threshold energy uni t s ,  eq. (8.15) 

becomes 
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where ba = 1, / k T  . Substituting for the photoionization cross- 

section from eq.(8.11), viz. 

in eq.(8.17), we obtain 

where we have introduced the function 

no restrictions are impsed on the value of p. Ihe following relations 

are to be used in eq. (8.18): 

and for Id in Rydbergs and T in K, 



6 .  EVALUATION OF SF ( X)  - 

Sp(x)  need be evaluated only f o r  in tegra l  and half-integral  values 

of  p. I n  these special  cases, S P ( x )  reduces t o  well-known functions. 

6.1. In tegra l  values of --  - 
We put = m h e r e  m is an integer.  For m >, 0, we have the function 

(Abramowitz and Stegun, 1965, p.228) 

For m < 0 and m' = I m l ,  we have the  m '  e x p n e n t i a l  in tegral  (Abramow- 

i t z  and Stegun, 1965, p.228): 

By using the recurrence r e l a t i on  (Abramowitz and Stegun, 1965, p.229) 

we obtain  an expression fo r  ( x )  in  terms of the  e x p n e n t i a l  integ- 

r a l  E, (x) (Pagurova, 1961, p.ix) : 



where 

Rational approximations t o  E , C x )  e x i s t  and g r e a t l y  simplify its 

evaluation. W e  use approximations due t o  Cody and 'hacher (1968) m i c h  

g ive  an accuracy of 14s. 

6.2. Half-integral values of f i  - - - 

We put r = mt1/2 where m is an integer,  For m 3 0, the  function 

o(,,,(x) can be generalized t o  give 

where 

and e r f c (x )  is the  complementary e r r o r  function 
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For m < 0 and m'  = I m l - 1 ,  t he  general  exponential in tegra l  (Pagu- 

rova, 1961, p.ix) can be wri t ten a s  

where 

M?-l 4,. ( X I  = c - X . ) k  r GI- k - a). rhl + k) c=* 

6.3. Asymptotic expansions - - 
Numerical calculat ions  with eqs.(8.26) and (8.31) become impractical 

fo r  l a rge  values of m o r  x. This is due t o  the  f a c t  t h a t ,  under these 

conditions,  

and 

The use of asymptotic expansions solves  t h i s  problem, For la rge  

values  of x, we have the  well-known re l a t i on  (Pagurova, 1961, p , x i ) ,  



where 

For l a rge  values of both x  and P, i t  is more convenient t o  use (Pagu- 

rova, 1961, p . x i i )  

and 
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The asymptotic expansion (8.35) is pa r t i cu l a r ly  useful s ince its 

accuracy depends on the value of  x+p . It is thus a l so  applicable t o  

l a rge  x and m a l l  , a s  is expansion (8.33) . Although, i n  t h i s  case,  

expansion (8.33) may give more accurate results than expansion (8.35), 

t h e  accuracy obtained with the  l a t t e r  is more than su f f i c i en t  fo r  our 

purpose. We w i l l  thus use eq.(8.35) in  a l l  the calculat ions  where the 

asymptotic expansion of  t he  general exponential in tegral  is required. 

6.4. Accuracy - - 
I n  Fig.8.5, we compare the accuracy obtained h e n  E,(x) and 

E ,+, Cx) a r e  calculated with the  exact r e l a t i ons  (8.26) and (8.31) and 

h e n  EpCx) is calculated with the  asymptotic expansion (8.35). The 

minimum accuracy, obtained for  x+pN15 ,  is of w4S. I f  f o r  x + p <  15, 

we use the exact expressions and, fo r  x+p > 15, t he  asymptotic expan- 

sion,  t he  accuracy of E,(w) and E,, ,,= (x) w i l l  be be t t e r  than 4s and 

w i l l  increase a s  we move away from x+p= 15 in  e i t h e r  d i rec t ions  

(x+p 15) .  It should be noted t h a t  i f  the  exact expression is used t o  

ca l cu l a t e  €,+,,=(y) fo r  x + p <  40, a minimum accuracy of 6s is obtained 

fo r  half-integral  values of p. Hoever ,  such accuracy is not  necessary 

s ince  the photoionization cross-sections a r e  not known t o  be t t e r  than 

2-3s (see Section 8 of t h i s  Chapter). 

7. COMPARISON WITH HYDROGENIC VALUES - 
We calcu la te  the  rad ia t ive  recombination r a t e  coe f f i c i en t s  of the  

average s t a t e s  n from the r a t e  coe f f i c i en t s  of t he  individual n a  s t a t e s  

with t he  formula 





This r e l a t i on  is wri t ten down by analogy with three-body recombination 

r a t e  coe f f i c i en t s  where a s imilar  formula is derived (see Section 2 of 

Chapter VII) . 
The values of k,, obtained i n  t h i s  way a r e  compared i n  Fig.8.6 with 

t he  hydrogenic values calculated with Seaton's (1959) work. A t  low 

values of  n, there  is some difference betmen the hydrogenic and the 

l i th ium-l ike  r a t e  coe f f i c i en t s  but,  a s  n increases,  t he  l a t t e r  approach 

t h e  hydrogenic values. 

8. ACCURACY OF THE RATE COEFFICIENTS - --- 
The f i n a l  accuracy of t he  rad ia t ive  recombination r a t e  coef f ic ien ts  

depends on the  accuracy of several  intermediate steps:  t he  numerical 

evaluation of t he  function S p ( x )  , t he  choice of t he  parameters used i n  

t he  semi-empirical representation of t he  photoionization cross-sections, 

and f i n a l l y  t he  values of t he  cross-sections. S, (x )  is accurate t o  4s 

o r  b e t t e r  and the parameters chosen provide i n  most cases  an accuracy i n  

the  r a t e  c o e f f i c i e n t s o f  about 3s fo r  TS1 ,000 ,000Kand  4S f o r  

T & 500,@00 K. ?he accuracy of the  r a t e  coe f f i c i en t s  is thus l imited by 

t h e  cross-sections used, espec ia l ly  s ince  these a r e  calculated from 

approximate methods. 

The photoionization cross-sections of  t h e  s and p s t a t e s  a r e  calcu- 

la ted  from the Coulomb approximation applied t o  bound-free t rans i t ions .  

In the  case of bound-bound t r ans i t i ons ,  t he  CA gives  good resu l t s .  The 





uncerta inty a r i s ing  from the use of t he  approximation was estimated by 

comparing l i t h i m - l i k e  o s c i l l a t o r  s t rengths  calculated from the  CA with 

t h e  t a b l e s  o f  c r i t i c a l l y  evaluated values published by Martin and 

Wiese (1976b). P g a r t  from a few exceptions, t he  CA values were found t o  

be systematically lower than the Martin and Wiese values; furthermore, 

i n  most cases  e r r o r s  of ~ 1 5 %  were observed, the  maximum e r ro r  being 

~ 2 5 % .  Assuming t h a t  the  e r r o r  estimates for  the  bound-bound t ransi-  

t i o n s  a r e  applicable t o  the bound-free t r ans i t i ons ,  we ass ign an e r ro r  

of ~ 1 5 %  ar i s ing  from the  use of t he  CA. 

Using the CA f o r  bound-free t r ans i t i ons  a l so  introduces an addit ional 

source of e r r o r  *ich is not  present when dealing with bound-hund tran- 

s i t i ons .  This uncertainty comes from the e x t r a p l a t i o n  of the  quantum 

defect  function ~ , ( c )  t o  pos i t ive  energy s t a t e s  of t he  valence elec- 

tron. is calculated with Seaton's (1966b) quantum defect  theory 

(see Section 9.1 of Chapter 111) vhich is reasonably. accurate i f  a suf- 

f i c i e n t  number of high qua l i t y  data  on the energy s t a t e s  a r e  available.  

Some da ta  a r e  ava i lab le  for  the  s and p s t a t e s  of  C IV, N V, and 0 VI 

from which e x t r a p l a t i o n  is possible  but, a s  discussed i n  Section 9.1 of 

Chapter 111, not  enough da ta  a r e  avai lable  t o  have a highly accurate 

extrapolation.  However, s ince  the cross-section behaves a s  

and s ince  p , ( e ' ) < h k  by a t  l e a s t  a fac tor  of ten,  t h e  e f f e c t  of the  

e r r o r  i n  on the cross-section remains within reasonable bounds. 



The smaller the  value of A' is, the  more data  on energy s t a t e s  a r e  

ava i lab le  and the be t t e r  is the  extrapolat ion of p , l ~ e l ) .  Furthermore, 

t h e  la rger  the  value of  A' is, the  smaller the  absolute value of ('1) 

becomes. ?bus taking AP~I (c') = i0.01 f o r  a l l  values of  1' is a rea- 

sonable estimate for  the  e r ro r  i n  p..~ U1). With t h i s  value, t h e  e r r o r  

i n  

is found t o  be ~ 5 %  in most cases,  with a maximum value of  ~ 1 0 % .  Since 

other  e lenents  of  eq. (8 .4) ,  such a s  the  functions G( n** j t'l') and 

X( n * ~ ; r ~ l ' )  , could be i n  e r ro r ,  we f i x  the  e r r o r  ir, the cross-sec- 

t i o n  a r i s ing  from the approximate representation of t he  f i n a l  continuum 

s t a t e  a t  ~ 1 0 % .  me t o t a l  e r ro r  i n  the  photoionization cross-sections 

and thus i n  the  rad ia t ive  recombination r a t e  coe f f i c i en t s  of t he  s and p 

s t a t e s  is thus estimated t o  be ~ 2 5 % .  

Since the  cross-sections of t h e  d and higher 1-value s t a t e s  were 

obtained from the hydrogenic calculat ions  of  Burgess (1964), and since 

Burgess' m r k  gives  r e s u l t s  accurate t o  5S, t he  e r ro r  i n  these cross- 

sec t ions  depends on how c lose  t o  hydrogenic the  lithium-like d and 

higher s t a t e s  of  C IV, N V, and 0 VI are.  'Rle quantun defec ts  of these 

s t a t e s  a r e  very small; f o r  example, t he  quantum defec ts  of t he  bound d 

s t a t e s  a r e  approximately equal t o  0.003. 'Ihe departures of  the  r a t e  

coe f f i c i en t s  from the hydrogenic values should thus be very small; we 

can expect an accuracy of  a t  l e a s t  2-3s i n  the  r a t e  coe f f i c i en t s  of the  

d and higher s t a t e s  of  C IV, N V, and O VI. 
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The e r r o r  i n  the  average r a t e  coe f f i c i en t s  k,, calculated from 

eq. (8.38) w i l l  be dominated by the  25% e r ro r  i n  the  r a t e  coe f f i c i en t s  of  

t he  s and p s t a t e s .  Comparison of the  hydrogenic and exact values of 

k,, i n  Fig.8.6 shows t h a t  an e r r o r  of 25% in  the  s and p s t a t e s  is com- 

pa t ib l e  with t he  resu l t s .  

I t  should be noted t h a t  the  values of  the  rad ia t ive  recombination 

r a t e  coe f f i c i en t s  calculated in  t h i s  work a r e  accurate t o  within the 

limits previously mentioned a s  l o q  a s  t he  energy of t h e  incident photon 

is small enough t h a t  no inner-shell e lec t rons  a r e  photoionized. 



Chapter I X  

RESULTS ON POPULATION INVERSION, COMPARISON WITH LINE INTENSITIES 114 
WOLF-RAYET SPECTRA, AND CONCLUSIONS 

C I V  l i n e s  a re  very  prominent i n  t h e  spec t ra  o f  t h e  WC category o f  

t h e  Wolf-Rayet s t a r s  as i s  evidenced i n  t h e  t r a c i n g s  o f  t h e  spec t ra  of 

Wolf-Rayet s t a r s  ob ta ined by Smith (1955) and reproduced i n  p a r t  i n  

Figs.9.18 t o  9.20. We have thus c a r r i e d  o u t  d e t a i l e d  c a l c u l a t i o n s  on 

t h i s  i on .  I n  Fig.9.1, t h e  G r o t r i a n  diagram o f  C I V  i s  shown and the  

t r a n s i t i o n s  among s t a t e s  w i t h  n  5 6 g i v i n g  r i s e  t o  l i n e s  i n  t h e  v i s i b l e  

r e g i o n  o f  t h e  spectrum a r e  a l s o  shown. We have concentrated our  a t t e n -  

t i o n  t o  these t r a n s i t i o n s  s ince  t h e  l e v e l  scheme used i n  t h i s  model (see 

Fig.3.2) can o n l y  reso l ve  t h e  R-value s p l i t t i n g  o f  s t a t e s  w i t h  n  Q 6. 

The a d i a b a t i c  c o o l i n g  o f  t h e  plasma was s imu la ted  w i t h  the  model ou t -  

l i n e d  i n  Sect ion 7 o f  Chapter 111, and t h e  popu la t i on  d e n s i t i e s  o f  t h e  

e x c i t e d  s t a t e s  o f  C I V  a f t e r  c o o l i n g  were c a l c u l a t e d  w i t h  the  CR model. 

Popu la t ion  i nve rs ions  were found t o  occur i n  many o f  t h e  t r a n s i t i o n s  o f  

t h i s  ion.  P l o t s  o f  t h e  ga in   versus T, f o r  t h e  i n v e r s e l y  populated t r a n -  

s i t i o n s  o f  i n t e r e s t  t o  us were made fo r  a  s e r i e s  of values o f  n,. Typi -  

c a l  r e s u l t s  f o r  t he  t r a n s i t i o n s  6s+5p, 6p+5d, 6d-5p, 6f--5d, 6g+5f,  

and 6h+5g a re  sh.,wn i n  Figs.9.2 t o  9.9. These p l o t s  were then used t o  

determine t h e  contours o f  equal u' on a  n,, T, p l o t .  The f i n a l  r e s u l t s  

f o r  t h e  t r a n s i t i o n s  6s+5p, 6p+5d, 6d-5p, 6f+5d,  6g-r5f ,  and 6h-5g 

a r e  shown i n  Figs.9.10 t o  9.15. It w i l l  be n o t i c e d  t h a t  these contours 
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Wavelength i n  A 

Figure  9.1 - G r o t r i a n  diagram o f  C I V .  



F igu re  9.2 - T y p i c a l d '  versus T, p l o t  f o r  t h e  6s - -5p  t r a n s i t i o n  o f  C I V .  
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F igu re  9.3 - Typical oc' versus T, p lo t  f o r  the 6p-75d t r a n s i t i o n  of C IV. 



Figure 9.4 - Typicalat versus T, plot for the 6d-75p transition of C IV. 



F igu re  9.5 - Typical ocl versus To p l o t  for t he  6f-75d t r a n q i t i n n  . . nf II 111 



F i g u r e  9.6 - T y p i c a l  o(' versus T, p l o t  f o r  the  6f->5d t r a n s i t i o n  o f  C I V .  



Figure 9.7 - Typical a' versus T, plot for the 69-v5f transition of C IV. 



Figure 9.8 - Typical olt' versus T, plo t  f o r  the  6g-75f t r ans i t i on  cf  C IV. 



Figure 9.9 - Typ ica l  a' versus T, plot for the 6h->5g transition of C IV. 



Figure 9.10 - b-T,  diagram f o r  t h e  6s->5p t r a n s i t i o n  o f  C I V .  



F igu re  9.11 - ne-T, diagram f o r  the 6p-75d t r a n s i t i o n  of  C IV. 



Figure 9.12 - n,-T, diagram for the 6d-75p transition o f  C IV. 



Electron Temperature ( lo3 O K )  

F igure  9.13 - h - T .  diagram f o r  the  6f->5d t r a n s i t i o n  o f  C I V  (X4646). 



Electron Temperature (lo3 O K )  

Figure 9.14 - ne-T. diagram for the 6g->5f transition o f  C I V  (h4658). 
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T, (lo 

Figure 9.15 - k - T e  diagram for the 6h-759 transition o f  C IV. 



are very similar to those obtained for He I1 A4686 by Varshni and Lam 

(1976): the gain decreases very rapidly at high values of n,, decreases 

less rapidly at low values of T,, and decreases slowly at high values of 

T, and low values of ne. 

The 6Lt4 5 1  inversely populated transitions can be separated in two 

broad -categories: the A& = +I transitions (6s+5p, 6p-5d) with a gain 
4 

d 1 1 0  cm-'s-' and the at = -1 transitions (6f+5d, 6g*5f, 6h-59) 
s with a gain o<',,y10 cm-' s-' . The AX = -1 transition 6d+5p is relati- 

vely unimportant and has a much smaller region of population inversion 

on the n,-Te diagram. Of the transitions shown in Fig.9.1, the 6g+5f 

(4658i) and the 6f +5d (4646i) transitions are the most prominent. The 

maximum value of cl' is largest for these two transitions: 4'-10' ern-' 5- I  

14 for T,r 20,000K and n, 2 7 x 10 cmS3. Laser action wi 11 thus be most 

intense for these transitions. 

An analysis of the  l imitat ions of the model used in  these calcula- 

t ions  is now necessary i f  we are  t o  assess correct ly the  relevance of 

these resul t s  t o  physidal observations. The model is based on several 

approximations, the most important of which are: 

i. the  plasna undergoes rapid cooling (or rapid expansion) (see Sec- 

t ion  5.2 of Chapter I ) ;  

ii . the expansion of the plasna occurs under adiabatic conditions 

(see Section 5.3 of Chapter I); 

iii. QSS conditions prevail in  the plasna (see Section 4.l.h of Chap 

ter I); 



iv. the plasna is opt ica l ly  thin;  t h i s  cordition is l e s s  r e a l i s t i c  

since some degree of radiation reabsorption is l ike ly  t o  occur in  the 

plasma. 

Departures from these conditions wil l  a f fec t  the comparison of the 

theoretical resul t s  with physical observations. 

Given a  plasma which s a t i s f i e s  these approximations , t h e  accuracy o f  

t h e  c a l c u l a t e d  r e s u l t s  w i l l  then depend on t h e  accuracy o f  t h e  r a t e  

c o e f f i c i e n t s  used i n  t h e  coupled r a t e  equat ions o f  t he  CR model. I n  

these c a l c u l a t i o n s ,  t h e  e l e c t r o n  impact e x c i t a t i o n  r a t e  c o e f f i c i e n t s  

have t h e  l a r g e s t  u n c e r t a i n t i e s ,  est imated t o  be a  f a c t o r  o f  about f ou r .  

I n  comparison, t he  u n c e r t a i n t i e s  i n  t h e  o t h e r  c o e f f i c i e n t s  a re  n e g l i g i -  

b le.  Consequently, we have i n v e s t i g a t e d  t h e  e f f e c t  o f  t he  u n c e r t a i n t i e s  

i n  t h e  e l e c t r o n  impact e x c i t a t i o n  r a t e  c o e f f i c i e n t s  on t h e  ga in  o f  t he  

t r a n s i t i o n s  considered i n  t h i s  work. Th i s  procedure should prov ide  a  

good es t imate  o f  t he  v a l i d i t y  o f  these c a l c u l a t i o n s .  

The e l e c t r o n  impact e x c i t a t i o n  r a t e  c o e f f i c i e n t s  have been v a r i e d  by 

f a c t o r s  o f  up t o  ten, and model c a l c u l a t i o n s  have been c a r r i e d  o u t  w i t h  

these va luks  o f  t he  r a t e  c o e f f i c i e n t s .  Q u a l i t a t i v e l y ,  t he  general beha- 

v i o r  o f  t h e  popu la t i on  i n v e r s i o n  scheme and t h e  shape o f  t he  ne-Te d i a -  

grams a r e  l e f t  unchanged. Q u a n t i t a t i v e l y ,  a  change i n  t h e  e l e c t r o n  i m -  

pac t  e x c i t a t i o n  r a t e  c o e f f i c i e n t s  o f  a  f a c t o r  o f  f o u r  r e s u l t s  i n  a  chan- 

ge i n  t h e  ga in  o f  t he  t r a n s i t i o n s  o f  i n t e r e s t  by a  f a c t o r  o f  f i v e  o r  

l ess ,  depending on the  t r a n s i t i o n  considered, t h e  temperature and t h e  

f r e e  e l e c t r o n  d e n s i t y  o f  t he  plasma. 



The u n c e r t a i n t i e s  i n  t h e  values o f  o t h e r  q u a n t i t i e s  such as 8 o r  n; 

should o n l y  have a  r e f i n i n g  e f f e c t  .on the  r e s u l t s .  The general popula- 

t i o n  i n v e r s i o n  scheme i s  unaf fected by u n c e r t a i n t i e s  i n  t h e  r a t e  c o e f f i -  

c i e n t s  o r  i n  o t h e r  q u a n t i t i e s .  

Under appropriate conditions, the  previously mentioned resul t s  a re  

aml icable  t o  both laboratory and as t rophys i ca l  plasmas. In part icular ,  

we consider the bearing of these resul t s  on the spectra of Wolf-Rayet 

s t a r s ,  which a r e  known t o  have an expanding envelope of hot ionized 

gases. 

When the speed of expansion of the plasna is low, the expansion w i l l  

be closer t o  being isothermal than adiabatic. However, a s  the speed of 

expansion increases, the expansion w i l l  become more and more nearly adi- 

abatic,  and certain spectral l i n e s  can then be expected to  display laser  

action. Let us compare t h i s  expectation with the spectra of various 

classes of K s tars .  WC8 s t a r s  have re la t ive ly  sharp l ines;  since the 

widths of the  l i n e s  i n  an expanding shel l  a r i se  from the Doppler e f fec t ,  

t h e  speed of expansion of the plasna must be low and the degree of laser  

action is also expected to be low. The l i n e s  become wider in K 7  s t a r s ,  

indicating tha t  the speed of eject ion is greater  than in WC8 s tars ;  cor- 

respondingly, the degree of laser  action is also expected t o  be greater.  

The l i n e s  become still wider in  W26 s ta r s ;  we thus expect the degree of 

l a se r  action t o  further increase. We compare these expectations with 

the  observed data on the spectra of WC s t a r s .  

A bright emission feature a t  about 4650 has been known in Wolf- 

Rayet spectra for the l a s t  hundred years o r  so. A few years a f t e r  the 
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discovery of Wolf and Rayet (1867) of t he  br ight  l i n e s  i n  the  spectra  of 

~ ~ 3 5 ~ 4 0 0 1 ,  ~ ~ 3 5 ~ 4 0 1 3 ,  and ~ ~ 3 6 ~ 3 9 5 6 ,  Vogel (1873, 1883) described 

t h e i r  spectra  i n  more d e t a i l .  He  found t h a t  both BM-36O3956 and 

BM-3s04013 have a wide br ight  blue band with a maximm a t  about h4640. 

Copeland i n  1884 (quoted i n  Huggins and Huggins, 1891) measured the 

posi t ion of  t h e  maximun in ~ ~ 3 5 ~ 4 0 1 3  t o  be a t  h4654 and t h a t  i n  

~ ~ 3 6 . 3 9 5 6  to be a t  X4649. Huggins and Huggins (1891) found the psi- 

t i o n  of maximun to  be p rac t i ca l ly  t he  .same i n  the  two cases,  namely 

X4650. The spectra  of these tw s t a r s  a s  reported by Huggins and Hug- 

g i n s  (1891) a r e  reproduced i n  Fig.9.16. 

The curious behavior of t he  r e l a t i v e  i n t e n s i t i e s  of h4650 and A4686 

i n  c l a s s i c a l  Wolf-Rayet spectra  has been known fo r  the  l a s t  50 years  

(Plasket t ,  1924). Plasket t  (1924) was s t ruck by the  remarkable varia- 

t i o n s  i n  the  r e l a t i v e  i n t e n s i t i e s  of  these tm l i n e s  and noted 'The 

r a t i o  of 4650 C+ t o  4686 ~ e +  is a l so  peculiar,  a s  the  marked discontinu- 

i t y  a t  the  t h i rd  group &ere the r a t i o  abruptly increases tenfold dis-  

t i n c t l y  shows. Examination of  t he  spectra  c l e a r l y  ind ica tes  t h a t  t h i s  

is almost e n t i r e l y  due t o  the  sudden increase i n  the  s t rength of  t he  

carbon band. Even supposing the in te rva l  between the  second and th i rd  

groups t o  be grea te r  than between the  e a r l i e r  ones, still the change i n  

the  s t rength of  enhanced carbon a t  4650 is more abrupt than shown by any 

other  element and there  must be some physical reason which makes ionized 

carbon behave i n  t h i s  unique manner.' Varshni (1977) pointed out t h a t  

such va r i a t i ons  can be read i ly  understood on the bas i s  o f  l a s e r  action,  

Over the  years, t he  spectra  of Wolf-Rayet s t a r s  have been investi-  



gated by many workers. However, very few t rac ings  have been published. 

I n  Fig.9.17, we reproduce a t racing of the  spectrum of a W7 s t a r  fo r  

the wavelength region hh4200-4900 from a paper by Underhill (1959). 

Ihe strong 1 ine a t  4650 is very prominent. 

Smith (1955) carr ied out a series of de ta i led  spectroscopic observa- 

t i o n s  of  t he  southern Wlf-Rayet s t a r s .  Portions of h i s  t rac ings  of  the  

spec t ra  of t h ree  Wolf-Rayet s t a r s  a r e  reproduced i n  Figs.9.18 t o  9.20. 

In  these f igures ,  we  have indicated the C I V  l i n e s  iden t i f ied  by 

Snith (1955). The behavior of t he  emission l i n e  a t  A4650 is rmarka- 

ble. A s  we g o  from a W8 s t a r  t o  a W 6  s t a r ,  t h i s  emission l i n e  shows a 

g r e a t  increase i n  its intensi ty .  This observation can now be understood 

i n  the  l i g h t  of  our calculat ions .  C)ur results show t h a t  i n  C IV, t he  

4650 l i n e  w i l l  show t h e  s t r o q e s t  population inversion and consequent 

l a s e r  ac t ion  under adiabat ic  expansion. Thus we f ind t h a t  a s  the  speed 

of  expansion increases from W8 t o  W6 s t a r s ,  t he  l a se r  act ion i n  C I V  

A4650 becomes grea te r ,  leading to a rapid increase i n  the  i n t ens i ty  of 

t h i s  l ine .  

It w i l l  a l so  be noticed from Figs.9.18 t o  9.20 t h a t  another l i n e  of 

C I V  a r i s ing  from the 3p -> 3s  t r ans i t i on ,  namely hA5801, 5812, a l so  

shows an increase i n  i n t ens i ty  a s  we go from W8 to  W6 s t a r s .  However, 

our ca lcu la t ions  do not show a population inversion fo r  t h i s  t rans i t ion .  

This may be due t o  the  breakdown of one of t he  previously mentioned 

assunptions on a i c h  the  model calculat ions  a r e  based. Indeed, i f  we 

assune t h a t  a ce r t a in  reabsorption of radiat ion occurs within the plasma 

(which is probably more r e a l i s t i c  fo r  s t e l l a r  condi t ions) ,  we f ind t h a t  

l a s e r  ac t ion  is possible i n  t h i s  l i n e  and i n  the  A4650 l ines .  
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In conclusion, we f ind t h a t  the  C IV )\)\4646,4658 l i ne s  a r i s i ng  from 

the  6f -+ 5d and 6g -5f t r ans i t i ons  respect ively ,  display strong popul a- 

t ion  inversions and should be excel lent  candidates f o r  producing l a s e r  

act ion i n  laboratory plasmas cooled by adiabat ic  expansion techniques. 

In t he  astrophysical  context ,  the  behavior of t he  1 ine  C IV h4650 obser- 

ved i n  the  WC category of the  Wolf-Rayet s t a r s  i s  found t o  be i n  agree- 

ment w i t h  t h a t  expected from the  model calcula t ions .  The present inves- 

t i ga t i on  thus provides an understanding of the  unusual s t rength  of the  

C IV h4650 emission i n  Wolf-Rayet s t a r s ,  and provides a strong basis  f o r  

believing t h a t  l a s e r  action i s  responsible f o r  i t .  I t  a l so  r a i s e s  the  

pos s ib i l i t y  t ha t  c e r t a in  other  unusually strong emission l i n e s  observed 

i n  Wolf-Rayet s t a r s  may a l so  be due t o  l a s e r  action.  



Appendix A 

CRITERIA FOR TfE APPLICABILITY OF MA)&JELL-BOLTZMANN STATISTICS 

1. UPPER LIMIT ON n, . - --- 
In  a plasma of f ree  electron density n,'~n-~, an electron occupies an 

ef fec t ive  volume of l/n, cm3. Representing t h i s  volme by a sphere, the 

average distance between tm electrons is given by 

The mean de Broglie wavelength of the electron is obtained from 

. . . (A. 1) 

where the average velocity of an electron satisfying Maxwell-Boltzmann 

s t a t i s t i c s  is given by 

. . . (A. 3) 

Maxwell-Boltmann s t a t i s t i c s  w i l l  apply t o  free electrons in a plasna 

i f  the following condition holds (Vedenov, 1965, p. 235) : 

. (A- 4) 
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Combining eqs. (A. 1) , (A. 2 ) ,  (A. 3) , and (A. 4)  , we obtain  the  condition 

Numerically, 

. . . (A. 5) 

This upper l i m i t  on ne is shown graphical ly  i n  Fig.A. 1. 

2. LOWER LIMIT ON n, - --- - 
The d i s t r i bu t ion  of  t h e  f r e e  e lec t rons  w i l l  be Maxwellian i f  a suff i -  

c i e n t  nunber of e l a s t i c  co l l i s ions  occurs be twen them. An expression 

f o r  the  wself-col l is ion t i m e w  t, of a group of  p a r t i c l e s  interact ing 

with each other  has been derived by Spitzer (1956, p.78). provides a 

measure of t he  t i m e  t h a t  is required t o  reduce subs tan t ia l ly  any lack of 

isotropy i n  the  ve loc i ty  d i s t r i bu t ion  of the  p a r t i c l e s  and t o  allow t h e  

d i s t r i bu t ion  of t he  k ine t ic  energies t o  approach a Maxwellian d i s t r i bu -  

t ion.  For e lectrons,  

0 . 2 G G  
7 312 - 

' c =  J ~ A  n sec. . . . (A. 7) 

&ere T is i n  Kelvin, ne i n  and h is proportional t o  the nmber 

of e lec t rons  i n  a sphere of radius  a, t he  Debye length. RnA is some- 

times referred t o  a s  t he  Coulomb logarithm. It shows l i t t l e  var ia t ion;  

f o r  most plasma parameters, 51kn.A.435. Tables of l n / t  f o r  co l l i s ions  of  
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e lec t rons  and p a r t i c l e s  of  charge +e, corrected for  quantm mechanical 

e f f ec t s ,  a r e  given by Spitzer (1956, p.73) and Mitchner and 

Kruger (1973, p.59). 

'Ihe l i f e t ime  of a f r ee  e lec t ron  i n  a low dens i ty  plasma is determined 

by rad ia t ive  recombination which predominates over three-body recombina- 

tion. It is given by (Ghm, 1960, p.97) 

&ere QRR is the  cross-section fo r  rad ia t ive  recombination, n; is the  

powla t ion  densi ty  of t h e  ions mainly responsible for  e lectron capture, 

and a l l  o ther  symbols have t h e i r  usual meaning. 

A Maxwellian d i s t r i bu t ion  w i l l  be established i f  t he  f r e e  e lec t rons  

undergo su f f i c i en t  e l a s t i c  c o l l i s i o n s  before recombining with an ion. 

This w i l l  occur i f  

Subst i tut ing eqs. (A. 7)  and (A. 8) in  the  above, we obtain 

. . . (A. 9) 

. . . (A. 10) 

The cross-section for  rad ia t ive  recombination in to  leve l  n, G:', can be 

obtained by t h e  pr inciple  of de ta i led  balancing (see Section 6 of & l a p  

PI ter 11) from the cross-section fo r  photoionization from leve l  n, (3, 

(Drawin, 1963) : 



here  v is the  ve loc i ty  of the  f r ee  e lectron,  v the  frequency of t he  

emitted o r  absorbed Moton, and a l l  other symbols have t h e i r  usual mean- 

ing. Tne cross-section for  photoionization of a hydrogenic ion of core 

charge Z from level  n is given by (Seaton, 1959) 

. . . (A. 12) 

h e r e  g,(~,d), the  Kramerssaunt fac tor ,  is of  order unity. We put 

9~ ( f l , ~ )  * 1 .  . . . (A. 13) 

Using eqs. (A. 11) , (A. 12) , (A. 13) , oi = I ,  W,= 2 n\ the  energy conservation 

r e l a t i on  

h u =  ) m v Z  + I,, 

the ionizat ion poten t ia l  of l eve l  n 

. . . (A. 14) 

. . . (A. 15) 

and the  average ve loc i ty  of t he  f r ee  e lec t ron  Maxwellian d i s t r i bu t ion  

from eq. (A. 3) , c r i t e r i o n  (A. 10) becomes 



The cross-section for  rad ia t ive  recombination is l a rges t  fo r  recombina- 

t i o n  in to  the ground s t a t e ;  we  thus put 

The maximcan value of n; is $, the  densi ty  of element A i n  the  monatomic 

plasma; i n  t h i s  m r k ,  we use n ~ =  lot4 

For hydrogenic ions ( n g d  =1) , eq. (A. 16) thus becomes 

. . . (A. 18) 

This lower l i m i t  on n, is given graphical ly  i n  Fig.k.1 f o r  atomic hyGro- 

gen and for  a hydrogenic ion with Z = l B .  For lithium-like ions ( nsd =2) , 
we obtain  

. . . (A. 19) 

This l i m i t  is given fo r  C I V  in  Fig.A.1. For a l l  eases  of  i n t e r e s t  t o  

us ,  we f ind t h a t  the  f r ee  e lec t rons  s a t i s f y  a Maxmllian d i s t r i bu t ion  

fo r  nc > 10'" . 



Appendix B 

EVAUJATION OF THE PARTITION FUNCTION 

The p a r t i t i o n  function of an X-times ionized atom (ion X)  is given by 

. . . (B. 1) 

where w:' is the  s t a t i s t i c a l  weight of l eve l  p of  ion X and E;) is the  

energy separation of the  ground and pK s t a t e  of ion X. For E;: i n  

Rydbergs and T i n  Kelvin, 

. . . (B. 2) 

For low values o f  T, eq. (B. 1) can then be approximated by the  s t a t i s t i -  

c a l  weight of t he  s t a t e :  

. . . (B. 3) 

I f  t he  f i r s t  few excited s t a t e s  a r e  energe t ica l ly  very c lose  t o  the 

ground s t a t e ,  they must a l so  be included i n  the  sun ( B . l ) .  

A s  T increases,  t h e  exponential term in  eq.(B.l) tends t o  one s ince 

cx) 
E,p renains f i n i t e  i n  a l l  cases. is then proportional t o  the sum 

of t h e  s t a t i s t i c a l  heights  of  a l l  the  l e v e l s  p o f  ion X. This sum 
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diverges a s  p tends t o  inf ini ty.  It must thus be truncated, and t h i s  

can be done in  a nunber of ways, some of which a re  mentioned by 

Griem (1964, p.140). Tne eas ies t  method is the nearest-neighbour 

approximation which is used, for  example, by Drawin (1970b) . It con- 

sists i n  finding the l a s t  bound s t a t e  of ion X, a s  determined from the 

maximun physical s ize  the ion can assume in a plasma of density nA. 

Assuming circular  o rb i t s ,  and denoting the  mean distance between the 

ions by (d'}, the l a s t  bound s t a t e  is given by 

. . . (B. 4) 

h e r e  aois  the Bohr radius and Z the core charge o f t h e  ion. If  ion X 

is the dominant species in  the plasna, 

. . . (B. 5) 

for spherical ions; n4*) is the  ppu la t ion  density of ion X i n  an-3 . 
Combining eqs. (B. 4)  and (B. 5) , we then obtain 

I 4 For n'*'= l o  

pm.. ClL so 

. . . (B. 6 )  

. . . (B. 7) 



It should be noted t h a t  the  presence of neighbouring ions w i l l  per- 

t u rb  the high-lying quantun s t a t e s  of  each ion. Thus the  energy eigen- 

values and hence the  r a d i i  of these s t a t e s  w i l l  be d i f f e r e n t  from those 

a f  an isolated ion. Eq. (B. 6) is thus an approximation t o  the  actual  

l a s t  bound s t a t e  of t h e  ion. It should a l so  be noted t h a t  i f  eq. (B. 3) 

is used fo r   all^ temperatures, t he  r e l a t i v e  population dens i t i e s  of  t he  

l e v e l s  of  ion X obtained from t h i s  value of u") w i l l  be cor rec t  fo r  any 

constant temperature. ?his is due t o  the  f a c t  t h a t  the  p p u l a t i o n  den- 

sities a r e  a l l  p r o p r t i o n a l  t o  the  same value of u") f o r  a given temp 

era ture  and ionic density. Hoever , t he  absolute values of  the  pcpula- 

t i o n  d e n s i t i e s  w i l l  be i n  error .  We use t h i s  l a s t  approximation i n  

these calculations.  



Appendix C 

W A T I O N  OF CROSS-SECTION INTEGRALS 

To evaluate t h i s  integral-, we f i r s t  expand the exponential i n  a pwer 

series: 

6 g 

I,= J a x [ E (-1)"XJ d x .  
n=o n ! 

Interchanging the order of integrat ion and suma t  ion, 

From Selby (1970, p.434), 

W e  evaluate the  s e r i e s  

. . . (C* 2) 

. (C. 4) 

. (C. 5) 

. . (C. 6)  



I t  can be very e a s i l y  shown t o  be given by 

The o ther  s e r i e s  is 

h i c h  can be rewrit ten a s  

. . . (C. 8) 

From the de f in i t i on  of t he  exponential in tegral  (Abramowitz and 

Stegun, 1965, p.229) , 

m obtain 

. . . (C. 10) 

h e r e  Y = 0.5772155649 is Euler ' s  constant. Substi tuting for  S ,  (x) and 

T , (x) from eqs. (C. 7) and (C. 11) respectively,  eq. (C. 5) becomes 

. . . (C. 12) 

I n  pa r t i cu l a r ,  



- 
,& ~ r c  e e - L d ~  = Ca,t?na + 61a). . . . (c. 13) 

b 
2. I ~ = I , I ~  x / x  C x d x  - . . . (c. 14) 

Expanding the exponential i n  a power series, and interchanging the 

order of integrat ion and summation, we obtain  

From Selby (1970, p.434), 

From eq. (C. 10) , 

. . . (C. 15) 

. . . (C. 16) 

. . . (C. 17) 

. . . (C. 18) 

. . . (C. 19) 
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The series (C.18) is evaluated by f i r s t  d i f f e r en t i a t i ng  it with respect  

t o  x: 

From eq. (C. 10) , 

. . . (C. 20) 

. . . (C. 21) 

Integrat ing t h i s  equation, we obtain  

where C, is a constant of integration.  me lower l i m i t  of  in tegrat ion 

of  t h e  in tegra l  of eq. (C. 22) is chosen such t h a t  its constant of inte- 

g ra t ion  is zero, and its contr ibut ion t o  C, is a l so  zero. 'Ihe lower 

limit t+ rn s a t i s f i e s  t h i s  condition; eq. (C. 22) thus becomes 

. . . (C. 23) 

It is not  necessary t o  evaluate C, s ince we a r e  interested i n  the  d i f -  

ference T,(b) - T,(a) . Subst i tut ing eqs. (C. 19) and (C. 23) i n  eq. (C. 16) , 
we obtain  



" E ,  (t) 'where t , ( x )  - jx t dt , 
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. . . (C. 25a) 

Thus 

I, = E,,(a) Aoa - & , l b ) / d  t 6 ( a )  - 6 ( b )  > . . . (C. 26) 

and, i n  par t icu la r ,  

X . . . (C. 27) 

3.1. Analytical  approximations - - 
This in tegra l  cannot be evaluated ana ly t ica l ly  s ince  E,(x) has no 

closed ana ly t ica l  form; However, i f  approximate expressions a r e  used t o  

represent E,(x) in  in tegra l  (C.25b), approximate ana ly t ica l  expressions 

can be obtained for  0 )  . W e  use the following analyt ical  approxima- 

t i ons  t o  represent E , (x) (Abramowitz and Stegun, 1965, p. 231) : 

0 4 x 4 1 :  

where a,=-0.57721566 

a ,  = 0.999991.93 

a,=-0.24991055 



x 2 10: 

W e  use eq. (C. 29) with t h e  following parameters: 

a = 4.03640 

b = 1.15198 

c = 5.03637 

d = 4.19160 

I E L X )  I 

. . . (C. 29) 

This approximation is label led eq. (C, 30) , 



Eq. (C. 25b) is then evaluated a s  follows : 

0 4 0  4 1: 

lo eq. CCe29) 
6, (0) a jg 

X 
d~ + el ( 1 0 ) ;  

d x .  

. . . (C. 32) 

. . . (C. 33) 

G ,  (1) and 6 ,  ( 0  used in eqs, (C. 31) and (C. 32) respectively must be 

known t o  an accuracy comparable t o  tha t  of the integral to  which they 

a r e  added to. 

3.2. Evaluation of the integrals  - - -- 

0 s 8 6 1 :  

, . . (C. 34) 

. . . (C. 35) 



8 310 :  

Equations (C.32) and (C. 33) involve the evaluation of the  same integral  

over d i f f e r e n t  limits o f  integration.  W e  f i r s t  evaluate the  in tegra l  

(C. 33) : 

j; eq. f . 3 0 )  dx = J - ~  e-* x2+axt-b d,, 
xa+  c x + d  

W e  rewri te  eq. (C.36) to g e t  

. . . (C. 36) 

. . . (C. 37) 

where -a and -p a r e  the  roo ts  o f  x2+cx+d, and k >  0, a <  f ,  and 

. . . (C. 28) 

Separating the  denominator of the  R.H.S. of eq. (C. 37) by p a r t i a l  frac- 

t ions ,  we obtain  

where 

. . . (C. 39) 



Subst i tut ing eq. (C. 39) in  eq. (C. 37) , and using the following in tegra ls  

(Abramowi t z  and ,Stegun, 1965, pp. 228-230) 

. . . (C. 40) 

we obtain 

e - @  +d, E, + dr - 
8 

where 

From the values of a ,  b, c, and d of eq. (C.30), t h e  following nunerical 

values of  t he  parameters a r e  obtained: 

e< = 1.0520153 

p = 3.9843540 



. . . (C. 42) 

1 < 0 4 10: 

Integral  (C. 32) is now evaluated a s  follows: 

e . ( c - 2 9 )  j; 9 X  d x = ~ 0 m e q . ( ~ ~ 2 9 )  d" v. ( c .  29) 
x d x  -lo x dx. ...( c.43) 

Since eq. (C. 29) has the  same analyt ical  fonn a s  eq. (C. 30) , we use 

eq. (C.41) with the  following parameters t o  evaluate eq.(C.43): 

o( = 0.62044334 

k = 2.7102127. 

d,=-1.8794966 

d,=-1.2420263 

d,= 0.94419706 - 
d,= 0.14904308. . . . (C. 44) 

Then eq.(C.43) becomes 

. . . (C. 45) 



3.3. Accurate evaluation of f ,(l) and €,(la) - - - 
The values o,f € , ( I )  and e,(10) required in the evaluation of 

eqs. (C. 31) and (C. 32) can be calculated to  any desired accuracy by nun- 

e r i ca l  integration. We obtain these indirect ly by f i r s t  evaluating the 

function G (1, 8 ) defined in  Section 4 of Chapter I1 with numerical inte- 

gration. The values of €,(8) can then be obtained from eq. (2.35) . 
This procedure gives the values 

. . . (C. 47) 

3 -4. Accuracy of the approximations (C. 31) , (C. 32) , and (C. 33) - - -- -- -- - -- 

The accuracy of these approximations depends on the accuracy of the 

analytical approximations used to  represent E l  (x) , eqs. (C. 28), (C.29), 

and (C. 30) . The maximum accuracy t h a t  can be obtained is thus 1 E ( x) \ . 
The actual accuracy is smaller than t h i s  value because the approximation 

is integrated over x = Q-00 to  obtain E ,  (8). 

We study each approximation separately. 

0 4 8 6  1: 

From eq. (C. 28) , 



Since t h i s  is the error  in  E ,  (x) , the er ror  in  ~ ~ ( 0 )  w i l l  be greater 

for  the sna l l e s t  value of el (8 )  within the range B i 0 6 1. This 

value occurs a t . 9  = 1. We then obtain 

by nuner ica l  integration, and 

from the approximate expression (C.31). The smallest e r ror  estimate 

/a s, / N 2 x lo-' . . . (C. 48) 

is thus reasonable in  t h i s  case. This gives an accuracy of a t  l eas t  

5-6s. 

From eq. (C.23), 

and the er ror  in  E,(x) is given by. 

. . . (C. 49) 



. For l a rge  x, 

and we have 

. . . (C. 51) 

For x = 1, eq.(C.SCI) is not  a  very good representation of E,(x) , and the 

evaluation of the  r a t i o  (C. 51) from eqs. (C. 49) and (C. 29) y ie lds  

The l a rges t  uncertainty of eq.(C.32) w i l l  occur for  8 = 1 s ince  the 

range of integrat ion x = 8+00 for  1 d 6 & 10 is then a t  its maximm 

extent.  The value (C. 52) can then be taken t o  be the minimum value of 

The maximum accuracy obtainable with eq.(C.32) is thus 4s. Evaluating 

&,(I) and t , ( l 0 )  with eq. (C. 32) , and comparing these with t he  values 

(C.47) obtained by nunerical in tegrat ion,  we do obtain an accuracy of 4s 

over the  range 1 4 8 < 10. 

0 2 10: 

From eq. (C. 30) , 



and the e r r o r  i n  E, (x) is given by 

Following the reasoning of eqs. (C.49) to  (C.53), t he  minimum value of  

1 AG,(w) I  / ( x )  is 

. . . (C. 55) 

By evaluating 61 (0) with eq. (C. 33) , and comparing these values with t he  

more accurate ones obtained by nunerical in tegrat ion o r  by eq,(C.50), we 

obtain  the  actual  accuracy of eq. (C. 33) : 

--------- ' 

I 1 1 
I 0 I Accuracy l 
I I I 
--------_I___- 

I 1 I 
I 1 0 1  6s  I 
I I I 
1 1 0 0 1  5s I 
I 1 I 
1 200 I 4s 1 
I 1 I 
I 1000 I 3s 1 
I I 1 

. . . (C. 56) 

A s  0 increases,  the  accuracy of  eq.(C.33) decreases; however, s ince  we 

consider values of 0 6 100 i n  t h i s  ra rk ,  eq. (C.33), f o r  t h i s  range of 

values of 0 ,  has an accuracy of  5s. 



4. ?HE FUNCTION G ( e )  - - - 
For large values of 8 ,  i t  is easier  t o  evaluate the function 

. . . (C. 57) 

Using the analytical expression (C.41) in eq.(C.33), and substituting i n  

the above equation, we obtain 

k e r e  r<, 1, d , ,  d,, d,, and d, a re  given by eq.(C.42), and 

Howver, a s  e increases, the accuracy of eq.(C.33), and hence of 

eq. (C. 58), decreases. It is then preferable t o  evaluate f, (8) by 

subst i tut ing the asymptotic expansion of the exponential integral 

(eq.C. 59 with r = 0) in eq. (C. 25b) . We then obtain 

. . . (C. 60) 



For su f f i c i en t ly  l a rge  values of 0 , t h i s  equation can be evaluated t o  

a n i  desired accuracy by includfng more terms i n  the  sum. This expres- 

s ion was used to  evaluate 4 ( 2 0 0 )  and 6:(1000) t o  estimate the  accuracy 

of  approximation (C. 33) a t  l a rge  values of  0. 



Appendix D 

L W T  SQUARES FITS 

1. THE METHOD - - 
Suppose t h a t  a f i n i t e  nmber n of data  points  yi = y ( x i ) ,  i = 1, 2, 

. . . , n a r e  the  values of an unknown function y(x) a t  the  p i n t s  x i ,  

i = 1, 2, . n W e  approximate the function y(x) by a function f (x )  

h i c h  is a function of m adjustable parameters a,, k = 1, 2, . . . , m: 

$ 2  a, , a , . ,  a g ~ .  . . . (D. 1) 

A t  the  p i n t s  x i ,  t he  function f  (x) has the  values f = f  (x i )  , i = 1, 2, 

. .. , n. Defining the res iduals  

the values of the  parameters a t  can be evaluated within the l e a s t  

squares approximation by requiring t h a t  

be a minimun. This requirement imposes t he  ccndi t ions  

. . . (D. 3) 

. . . (D. 4) 



h i c h  can be rewri t ten a s  

. . . (D. 5) 

These conditions minimize the  difference between the actual  values yt 

and the approximate values f ;  of  t he  function y(x) a t  the  points  xt  . 

Howver, i f  y(x) va r i e s  over several  orders  of magnitude, t he  approx- 
I 

imation f (x) w i l l  not  have the  same r e l a t i v e  accuracy f o r  a l l  values of 

y(x) : it w i l l  be less accurate for  small values of y(x) . In  such 

cases,  it is be t t e r  t o  consider the  r e l a t i v e  res idua ls  

Requi ring t h a t  

be a minimm, we obtain  the conditions 

. (D. 6) 

. . . (D. 7) 
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The minimization conditions (D.5) or  (D.8) a r e  solved f o r  the  f i t  param- 

eters ak.  

2, EXTRAPOLATION OF THE QUANTUM DEFECTS - -- 

We use the  notation of  Chapter 111. W e  have N known values of en, 

n = 1, 2, ...; N which a r e  calculated from the q u a n t a  defec ts  

= ( ) with eq. ( 3 . 7 ) .  lhese values s a t i s f y  t h e  expression 

(3.20) : 

Tan C T Y ~ )  = (4 YL (t,) . . . (D. 9) 

*ere Ag(en) is calculated with eq. (3.10) and Y, (6.) is given by 

eq. (3.17) : 

. . . (D. 10) 

where i = 0, I, . ..., p and er m = 1, 2, ..., q a r e  the  f i t  parame- 

ters. W e  rewrite eq.(D.9) a s  

. . . (D. 11) 

. . . (D. 12) 

can be evaluated from the known values of E,. W e  thus approximate the  

function Gq(6,) with the  function Yp (€,) . To simplify t he  evaluation of 

t h e  f i t  parameters, we rewrite e q ~ ~ ( D . 1 0 )  and (D.11) a s  



. . . (D. 1 3 )  

and w say t h a t  we approximate the  values of  Gl(€,,) with the  L.H.S. of  

eq. (D. 1 3 )  . ?he res idua ls  a r e  then given by 

and the required der ivat ives  by 

From eq. (D.5) ,  the  minimization conditions a r e  then given by 

. . . (D. 1 4 )  

. . . (D. 15) 

*ich become 



. . . (D. 17) 

We thus obtain a s e t  of ptq-tl l inear  equations which can eas i ly  be 

solved for  the ptqt-1 f i t  parameters. 

3. PHOTOIONIZATION CROSS-SECTIONS - 

W e  use the notation -of Chapter VIII . The photoionizat ion cross-sec- 

t ion  data a ; (Ui ) , i = 1, 2, . . . , n are f i t t e d  t o  an expression of the 

form (eq.8.11) 

*ere C and bk, k = 1, 2, ..., m are the f i t  parameters. We rewrite 

t h i s  equation a s  

. . . (D. 19) 



where do = C 

Since the cross-section var ies  over several orders of magnitude, rela- 

t ive  residuals a re  used in t h i s  f i t :  

The required derivatives a re  given by 

From eq. (D.8), the minimization conditions are  

&ich can be rewritten a s  

. . . (D. 20) 

. . . (D. 23) 
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We thus have a s e t  of mtl l inear  equations which can be eas i ly  solved 

for  the m+l  f i t  parmeters.  

4. . COLLISIONAL EXCITATION CROSS-SECTIONS - 

We use the notation of Chapter VI. Since we a re  dealing with cross- 

sections, we again use re la t ive  residuals. We have tw dif ferent  

expressions for  opt ical ly allowed and forbidden transitions. 

4.1. Allowed transi t ions - - 
The col l is ional  excitation cross-section data E i ( U i ) ,  i = 1, 2, ..., 

n a re  f i t t e d  to  an expression of the form (eq.6.6) 

&ere a, B, and are  the f i t  parameters. The re la t ive  residuals a re  

g iven by 

and the required derivatives by 



From eq. (D.8), the minimization conditions are 

&ich can be rewritten'as 

33 8 

. . . (D. 26) 

. . . (D. 27) 

. . . (D. 28) 

. . . (D. 29) 
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. . . (D. 30) 

These th ree  equations a r e  solved by an i t e r a t i v e  procedure: from an 

i n i t i a l  estimate of oc, and Po, is calculated with eq.(D.30); from (3, 

and +o, d, is calculated with eq. (D. 28) ; from and cr, , a, is calcu- 

la ted  with eq. (D.29). ?his procedure is repeated u n t i l  su f f i c i en t  accu- 

racy is at ta ined.  

4.2. Forbidden t r ans i t i ons  - - 

The co l l i s iona l  exc i ta t ion  cross-section da ta  Gt (U; ) , i = 1, 2, . . . , 
n a r e  f i t t e d  t o  an expression of t h e  form (eq.6.11) 

&ere o( and a r e  the  f i t  parameters. Using r e l a t i v e  r e s i d m l s ,  and 

following the s teps  of 'eqs. (D. 24) t o  (D. 30) , the  minimization conditions 

can be e a s i l y  shown t o  be 

. . . (D. 32) 

. . . (D. 33) 
4 
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Again, these tm equations are  solved-by an i t e ra t ive  procedure: from 

an i n i t i a l  estimate of +e, 0(. is calculated with eq. (D.32) , and substi- 

tuted in eq. (D. 33) to obtain +, . This procedure is repeated unt i l  suf- 

f i c i e n t  accuracy is attained. . 



Appendix E 

CALCULATION OF 'TIE GAUNT FACTOR g 

A more accurate expression than g = 1 is obtained fo r  the  Gaunt fac- 

t o r  by transforming eq. (2.8) t o  the  form of eq. (2.12). With eq. (2.11) , 
t h e  tm, hypergeometric functions of  eq.(2.8) can be expressed a s  polyno- 

mials: 

n' k 
( - 1 )  nt/ e x - -  - I - .inn1 1 ' . 

k,, k j f  (0'- k)! ( n -  I - a )! ( n - ~ ' ) ~  > 

For l a rge  n and n ' ,  these s e r i e s  a r e  dominated by the  l a s t  terms and we 

thus  evaluate them by carrying out the  summation i n  the  reverse direc- 

t ion ,  s t a r t i n g  with the  l a s t  term. Using A =  n-n' , eqs. (E.1) and (E.2) 

become : 



where 

We a l so  def ine a correct ion fac tor  &(n) in  such a way t h a t  a l l  factor i -  

a ls  can be wr i t ten  a s  

For large 'n ,  g(n) is obtained from the S t i r l i n g  asymptotic formula for  

the  g m a  function (Abramowitz and Stegun, 1965, p.257): 

J(n) 1: I + - I + - I /34 - 0. .  

/ Z  n 2 8 8  o Z  51,840 n3 . . . (E. 8) 
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For mall valuesof n, 6(n) is evaluated from eq.(E.7). Substituting 

eqs.(E.3) to (E.8) in eq.(2.8), and comparing the.resulting equation 

with eq. (2.12) , we obtain 

. . . (E. 9) 
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