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Abstract. It is shown that in high-temperature stars in which high speed mass loss is occurring, the
rapidly recombining plasma in the stellar envelope can act as an amplifying medium. Model calcula-
tions for laser action in He u 14686, using the collisional-radiative model, are presented. Menzel’s
hypothesis of laser action in distended stellar atmospheres is shown to be fully substantiated. The
relevance of these results in resolving the problem of intensity anomalies in the spectra of Wolf-

Rayet stars is pointed out.
1

1. Introduction

We are indebted to Menzel (1970) for a clear discussion of the possibility of a laser
action in non-LTE atmospheres. In problems related to gaseous nebulae, Menzel
(1937) had introduced a dimensionless parameter b to indicate the degree of departure
of a gas from thermodynamic equilibrium at temperature 7, of the electron gas.
This parameter is unity for thermodynamic equilibrium. Thus, one writes

Ne _ bege

= exp (—hv/kT,), 1
Ni bigi p( k/ ) ()

where the quantities N; and N, are the atomic populations of the lower and upper
levels, whose respective statistical weights are g; and g,.

In arguing for laser action in stars with highly distended atmospheres, Menzel (1970)
took the analogy of the behaviour of b,/b; for gaseous nebulae. It was a remarkable
extension based on an intuitive insight into the problem. Menzel showed that for laser
action to take place,

(bi/b;) exp (—hvu/kT,) > 1. )

In laser physics, one defines a quantity P, which is a measure of the population in-
version and is given by (Lengyel, 1966)

P = N/gi. — Ni/g;. (3

We shall find it more convenient to discuss laser action in terms of P, rather than in
terms of b,/b;. For laser action to be operative, P> 0. This condition is equivalent to
that given in inequality (2). The interesting question then arises as to how P>0 in the
emission line region of stars, where the dilution of stellar radiation is not very appreci-
able.

In this paper we show that for such high-temperature stars in which high speed mass
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loss is occurring, there can be a population inversion in some atomic species. We shall
lay emphasis on the physics of the processes taking place. Model calculations for laser
action in the n=4 — n=13 transition (14686) in He 11 are presented. Menzel’s hypothe-
sis of laser action in stellar atmospheres is shown to be fully substantiated. The rele-
vance of these results in resolving the problem of intensity anomalies in the spectra
of Wolf-Rayet stars is pointed out.

A comment on the choice of He 11 14686 is in order. The reasons are twofold.
Firstly, this line occurs in the spectra of many astronomical objects, and secondly,
He* is a hydrogen-like system for which it is feasible to carry out calculations because
the necessary cross sections for the various elementary processes (recombination,
ionization, excitation, radiative transitions) are available from theory and/or experi-
ment.

2. The Expanding Envelope

We consider what happens when the plasma in the outer layers of a star rapidly
expands. The essential physics of the problem, though not in the stellar context, was
discussed by Gudzenko and Shelepin (1963) and Gudzenko et al. (1966). These authors
proposed that if there is sufficiently rapid cooling of the free electrons, there can be a
population inversion in the lower levels of an atom, and this can lead to laser action.
The subject has been recently reviewed by Gudzenko et al. (1974).

The basic theory for obtaining the properties of a decaying plasma was given by
Bates et al. (1962a, b) and is called the collisional radiative (CR) model. A number of
workers (Bates and Kingston, 1963; McWhirter and Hearn, 1963; Drawin, 1969;
Zemtsov, 1969; Bohn, 1971; Fujimoto et al., 1972), using this model, have carried
out calculations on the properties of a rapidly decaying monoatomic plasma. We shall
also use the CR model here.

The results obtained from a number of subsequent experiments (Stevefelt and Rob-
ben, 1972, and papers quoted therein) for the recombination rates are for the most part
in reasonable agreement with those calculated from the CR model. Experimental
confirmation of the prediction regarding the inversion in the atomic level population
has been obtained by Hoffmann and Bohn (1972) for hydrogen, and by Irons and
Peacock (1974) for C3+,

Results obtained by previous workers and from our own preliminary calcplations
(Varshni and Lam, 1974) showed that to obtain laser action in He 11 14686, the initial
temperature of the plasma has to be of the order of 50 000 K, temperatures which are
encountered in the Wolf-Rayet stars. Here we shall use the term ¢ Wolf-Rayet’ stars
in the general sense, to include both the “classical’ WR stars and the central stars of
some planetary nebulae. There now exists ample theoretical and observatianal evi-
dence that atmospheres of these stars depart seriously from a condition of local
thermodynamic equilibrium (LTE). We consider a mass of plasma at the base of the
extended atmosphere of a Wolf-Rayet star, roughly where its ‘ phot osphere’ would lie.
(In the ordinary sense of the word, of course, one is not even sure whether these stars
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possess a photosphere.) It will be reasonable to assume that the condition there will
also correspond to non-LTE. Hence to obtain the relative concentrations of He, He*
and He* * at a particular electron density (n.) and electron temperature (7,) we use
the non-LTE method of House (1964). There is also a considerable body of observa-
tional data which lead to the conclusion that Wolf-Rayet stars and some related early
type stars are undergoing a continuous outflow of matter (Ambartsumyan, 1958;
Sobolev, 1960; Hack, 1968).

Next, we assume that this plasma expands adiabatically, for which the plasma
density N and T, are related by 7,N'~?=const. We assume y=>5/3; for the actual
plasma the value will be slightly smaller. The flow is supersonic and to a first approxi-
mation, the plasma is assumed to be ‘frozen’ during the rapid fall of temperature, for
which a factor of 5 is assumed. (The same factor for the fall in the temperature has
been used by Gudzenko et al., 1966.)

This cooled plasma will undergo rapid recombination, and the populations of atomic
levels can be obtained from the CR model. For an optically thin, hydrogen-like plasma,
the rate at which the population density n(p) of level p changes is given by the dif-
ferential equation

1

C(g, p)n(pn. —

dn(p) ”z

=1

0

{[ 2 Fo.a) + S Crg + S(p)]ne

p+1

+'S A(p.0) o) +

+ Z [F(q, pn. + A(q, p)n(q) +

q=p+1

+ [a(P)”e + ﬂ(p)]nlnea (4)

where p and q are the principal quantum numbers. The meaning of other symbols in
Equation (4) are as follows:

n; = ion density,
C(q, p) = rate coefficient for excitation from level g to p by electronic collision,
F(p,q) = that for de-excitation from level p to ¢,
S(p) that for ionization from level p,
A(p, q) = Einstein coefficient for radiative transition from level p to g,
a(p) = rate coefficient for three-body recombination to level p,
B(p) = that for radiative recombination.

A set of infinite number of the coupled Equations (4) with p=1, 2, . . ., co describes
the population densities of all the discrete levels. To solve it practically, the following
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two assumptions are used: (1) For all levels p above some high-lying level r, the popula-
tion density n(p) obeys the Saha-Boltzmann distribution law, i.e., these levels are in
LTE:

n(p) = ng(p)=Z(p)nn, for p>r 5
with

Z(p) = [9(p)2c0,)(W?|27mkT,)* exp [x(p)/kT.], (6)

where g(p) and w; are the statistical weight of level p and the partition function of ion,
respectively, y(p) is the ionization potential of level p, and m is the electron mass. The
population density ng(p) represents that of level p in LTE. We have used r= 10, while
some previous workers have used r as high as 35. As our project involved a large num-
ber of calculations, to minimize computer time, we compared the results obtained for
population densities for a few sample cases for r=10 and r=25. It was found that in
general the differences are quite small and to the degree of accuracy that we are in-
terested in, can be neglected. (2) The rate equation can be set equal to zero for all
levels other than the ground level (p=1)

dn(1)/dt # 0
dn(p)/dt =0 for p=2,3,...,r. @)

Equation (4) can be rewritten in terms of the normalized population density which
is defined by o(p) =n(p)/ng(p).

:;{2) :Zl F(p, 9o(q)n. — {[Z F(p,q) + qg C(p,q) +

+S@ﬂm Zzﬂnw}dm4-

(9)

) A(q, p)] o(q) +

' %lﬁmwm+z

qa=p+1

Z( ) [x(p)n. + B(p)] = O, (8)

with p=2, 3, .. ., r. The summations to infinity appearing in equation (8) were cut off
at g=20.
Assuming the solution of the form

o(p) = ro(p) + ri(pe(1) with 2 < p <r, )

and substituting it into Equation (8), we have two sets of r—1 equations for ry(p)
and ry(p) with 2<p<r, because Equation (8) must hold for any value of g(1). The
solutions ry(p) and r,(p) obtained from these two sets of equations give the popula-
tion density

n(p) = Z(p)ro(p)nin. + [Z(p)/Z(D)]r(p)n(1). , . (10)
The coefficients r4(p) and r,(p) are called the population coefficients..
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Extensive calculations of population densities for =3 and 4 levels of He 11 were
carried out for a grid of n, and T, values. The sources for data or expressions for the
various rate coefficients entering Equation (4) are as follows. C(g, p): Drawin (1967);
F(p, q): Tt can be expressed in terms of C(g, p) by the method of detailed balancing;
S(p): Drawin (1969); A(p, q): Green et al. (1957); a(p): Drawin (1967); B(p): Seaton
(1959). The initial density of helium atoms before expansion was taken to be 1 x 10

cm™3.

3. Results and Discussion

We express our results in terms of P, where P is defined by Equation (3). P is related to
the fractional gain per unit distance, «, at the centre of a Doppler-broadened line by
the following expression (cf. Willett, 1974)

In2\'2 [ g, Ay; | PA% ‘
= — ! —— 1
* ( T ) [ 4n ] Av (D

where A, is the centre wavelength of the transition, and 4v is the linewidth. « describes
the intensity of a plane wave at 4, according to ‘

I = Ie, (12)

where / is the length over which gain occurs. The results are shown in Figure 1 which
shows contours of equal P on a n,, T, plot. The numerical values of n, and T, given
on the diagram refer to the plasma after expansion.

It will be noticed from Figure 1 that strong population inversion occurs only within
a narrow region of the diagram. On a three-dimensional plot, with P as the third axis,
the plot will appear as a mountain with a steep slope on the high n, side. The peak
value of P is ~2.9x10° cm~3 and it occurs at 7,~20500 K and n,~2.5x 10"
cm™3,

Let us consider some of the numerical magnitudes involved. The electron density in
surface layers of the early type stars is estimated to be ~10*5 cm™>. After expansion,
this will be reduced to ~ 10'* cm~2 (Underhill, 1968, also quotes this value as a pos-
sible electron density in a typical Wolf-Rayet atmosphere). At this electron density
and T, between 15 000 K and 20000 K, P~3 x 10* cm~3. Assuming 41 =50 A, we get
a~1.5x10"2 cm~1. If we make the reasonable assumption that /~ Ry(=7 x 10'° cm),
we get a/~105. This value, however, appears to be on the high side, because of the
fcllowing two factors. First, we have not taken into account the radiative excitation
due to the star and, second, we have assumed that the plasma is optically thin, which
is not expected to be the case. Also, the spatial extent of the inversion region is only
an educated guess. The present calculations do, however, clearly show that laser
action is entirely feasible in the atmospheres of stars’ which are undergoing mass
loss.

What will be the characteristics of emission lines due to laser action produced by the
mechanism discussed here? Rapid cooling is possible when there is high speed ex-
pansion, thus the lines are expected to be broad. Ordinarily the intensity of a line will
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Fig. 1. Population inversion measure P as a function of #, and 7.. The numbers by the side of
g contours represent P values in cm~3,

be the sum of the contributions due to spontaneous emission and stimulated emission
in varying proportions. It is obvious that if population inversion is taking place, the
‘equivalent’ temperature obtained from the Boltzmann formula will be negative.
Also, intensity anomalies are expected.

4. Application to ‘Classical’ Wolf-Rayet Stars

It is well known that Wolf-Rayet stars show broad emission lines. It is generally
believed (Pagel, 1960) that Beals’s (1930, 1934, 1940) hypothesis of the formation of
emission lines in a rapidly expanding envelope is a reasonable explanation of the spectra
of Wolf-Rayet stars. Beals (1930, 1934) assumed the operation of the Zanstra and
Menzel mechanism for planetary nebulae, of photoionization with subsequent re-
combination, to be the source of emission lines. Beals’s hypothesis is, however, strictly
speaking only justified for great dilution of the incident radiation as compared with
that of a black body, and it has been a theoretical puzzle (van Pelt, 1957) why it works
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for Wolf-Rayet stars, in the emission line region of which the dilution of radiation is
not appreciable (Swings, 1942; Wilson, 1942). The considerations of the present
paper provide the solution to this puzzle and also explain how P> 0. In a supersonic
expansion of an ionized gas, the dominant factor in describing the atomic processes is
generally the recombination rate constant. The net result of the rapid cooling of
electrons and subsequent recombinations is that it simulates the effects produced by
dilute radiation. There is, however, one important difference. The P values produced
by the expansion mechanism for different transitions show a much greater range of
magnitude than those produced by the dilute radiation mechanism. In other words, the
expansion mechanism is much more selective in producing laser action than the dilute
radiation mechanism.

A different approach has been followed by Aller (1943), who measured the emission-
line intensities in a number of bright Wolf-Rayet stars. He attempted to estimate the
temperature by using the relative intensities of two lines in conjunction with the
Boltzmann formula. Let the measured intensities of two lines of a given ion be /,; and
I,.;-, their upper levels be k and k' and their lower levels i and i’, respectively. If N,
and N, are the populations of levels k and k', respectively, then we have

Ly NiAiihvi
K kT TR 13
Iviv NpApihve, (13)

Let E, and E,, be the excitation potentials of k and k’; then making use of the Boltz-
mann formula, Equation (13) can be written as

I; _ AiViigi
Ly Agri Vi oG

exp [—(Ex — Ex)/kT]. (14)

For He 11, Aller utilized the ratio of the intensities of the lines 113203, 4686, and de-
termined T. He obtained values ranging from 10 000 K to 200 000 K for different
stars.

Weenen (1950) reanalysed Aller’s data. Instead of determining 7" from the ratio
of emission intensities of certain pairs of lines, Weenen followed the method of
Pannekoek and Doorn (1930) making use of all the available lines in one least-square
solution. For the three WC stars for which Aller had carried out measurements,
Weenen found from this procedure that He 11 lines led to negative temperatures. He,
however, did not appreciate the significance of this result and concluded that these
temperatures have hardly any physical meaning. But it must be remembered that this
was before the advent of lasers. Now, of course, we can readily infer from this that
the negative temperatures imply population inversion in one or more pairs of levels.
We demonstrate population inversions explicitly by the following simple procedure.
Equation (3) shows that population inversion depends on the population per unit
statistical weight, which we shall represent by y,. Thus

Ne  Iu

= < 15
Gk o T (1)

Yk =
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TABLE 1

Population per unit statistical weight for five levels of He 11 in three Wolf-Rayet stars.

nis the principal quantum number of the upper level, I, is the measured intensity of the

line (Aller, 1943), and y; is the population per unit statistical weight. The units of I,
and y, are arbitrary.

Wavelength n  HD 192103 HD 192641 HD 193793

(A) Iy Yk Iy Yk L, Y

4686 4 736 377 x10° 35.5 1.82 x 103 43 2.20 x 103
3203 5 41 3.76 x 10° —_ — 11 1.01 x 103
5412 7 101 5.77 x 103 54 3.09 x 10® 18.5 1.06 x 10*
4859 8 11.2 9.40 x 103 2.6 218 x 10° — —

4542 9 100 1.18 x 10* 4.1 485 x 103 11.7 1.38 x 10*

apart from a constant. The calculated values of y, for a number of levels of He 11 for
the three WC stars in Aller’s list are shown in Table 1.

The population depends directly on the intensity. In drawing any conclusions from
the results given in Table I, one must bear in mind the uncertainties in the recorded
values of I;. We quote Aller (1943) on this point: ‘It is extremely difficult to estimate
the actual error in these intensities. The accidental error of a reasonably strong line
measured on three or four plates is about 109, but this does not include systematic
errors which may arise from estimating the continuous spectrum, for example. Weak
lines, or lines in the far ultra-violet, may easily be in error by a full 100%,.’

We notice from Table I that for the star HD 192103 for which the lines are most
intense, and the uncertainties are the least, the behaviour of y, is quite regular. Popula-
tion inversion is seen to occur between any two of the levels having n=5, 7, 8, 9 and
also for transitions from n=7, 8, 9 to n=4. The other two stars also show population
inversions for certain pairs of levels.

Beals (1934) and Aller (1943) have made intensity measurements of Wolf-Rayet
bands, partly covering the same stars. As pointed out by Edlén (1956), the results are
in some cases remarkably discordant. In the star HD 192103 both observers measured
the bands 415411, 5470, 5696, 5812, 5875, all well defined and restricted to a fairly
narrow wavelength region. Beals (1934) gives the following intensity figures: 22, 14,
150, 360, 37, while Aller’s (1943) values are: 10, 8, 96, 83, 31. If we assume a scale with
100 for 15696, the two sets of intensities can be expressed as follows, Beals: 14.7, 9.3,
100, 240, 24.7, Aller: 10.4, 8.3, 100, 86.5, 32.3. Notice the large discrepancy for 15812.
Two possibilities exist: (a) measurement errors, and (b) the intensity of 15812 changed
during the intervening period between Beals’s and Aller’s observations. The differences
in the intensities of other lines in the two sets could probably be attributed to (a).
However, for 15812 the difference is so large that (a) alone is possibly not enough to
explain it and quite likely (b) is also a contributing factor. Should this be the case, then
it is understandable on the basis of the model that we have discussed here. The line
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25812 was very intense when Beals (1934) made his observations, probably laser
action was contributing a major portion of the intensity. Small changes in n, and/or
T, during the interval 1934-1943 could have significantly reduced the amount of laser
action in this line, and Aller (1943) found it to be less intense.

It is known that in the WC stars the width of the emission lines increases from type
WC9, where they are rather narrow, to WCS, where they are extremely broad. It
would be reasonable to consider that the importance of laser processes increases from
WC9 to WCS5.

5. Central Stars of Planetary Nebulae

The central stars of planetary nebulae may be the ancestors of the white dwarfs
(O’Dell, 1963; Harman and Seaton, 1964; Weidemann, 1968). Assuming this hypothe-
sis to be correct, it would be reasonable to estimate that the electron densities in such
objects will be intermediate between those existing in white dwarfs and those in the
‘classical” Wolf-Rayet stars. The electron density in white dwarfs has been estimated
to be about 2 x 10'% cm~3 (Greenstein, 1958; Weidemann, 1963 ; Wiese and Kelleher,
1971). Thus the electron density in planetary nuclei is expected to be somewhat higher
than that in the ‘classical” Wolf-Rayet stars, and on the basis of Figure 1 we can con-
jecture that if T, values are appropriate, the population inversion for He 11 14686 will
be greater in planetary nuclei than that in the ‘classical’ WR stars.

Smith and Aller (1969) have given a classification scheme in which the emission-
line central stars of planetary nebulae can be divided into five categories. One of their
classes, comprising twelve initial members, is termed the O vI sequence. These stars
have spectra in which the only really strong emission lines in the blue-green wavelength
range are He 11 14686, C 1v 14658, and the O vi doublet 113811, 3834. Subsequently,
Sanduleak (1971) added five more stars to this sequence; these five stars do not appear
to be planetary nuclei. In several stars amongst this total list of seventeen, the line
broadening is quite large. These are the nuclei of NGC 6905, NGC 7026, NGC 5189,
and the five stars in the list of Sanduleak (1971). These stars would be good candidates
for investigating intensity anomalies in He 11 lines due to laser action.

6. Terminology

Finally, we would like to add some remarks as regards the terminology. The pheno-
menon that we have discussed is known, more specifically, as superradiance (Bloom,
1968) or superradiant emission (Lengyel, 1971; Siegman, 1971) in the literature of
laser physics. Some authors (Allen and Peters, 1970; Allen, 1973) prefer the phrase
amplified spontaneous emission. This helps to distinguish it from Dicke’s superradi-
ance and avoids the semantic confusion surrounding the word superradiance We have,
however, used the more general term laser action to describe the phenomenon, be-
cause it is better known to astrophysicists and because Menzel has used it in the same
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sense. Also, the term maser action in the context of interstellar molecules is used in the
same sense.
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